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Abstract. We consider toric surfaces X with an orbifold structure such that 
the anti-canonical line U-bundle K — 1 is positive which admit a certain invo- 
lution. Such a toric variety X with its orbifold structure is called a symmetric 
toric Fano surface. It is described by a convex polyhedron with integral ver- 
tices in the plane which is invariant under the antipodal map. Using the theory 
of multiplier ideal sheaves of A. Nadel 1541 1551 we show that the appropriate 
Monge- Ampere equation is solvable, so X admits an orbifold Kahler Einstein 
metric of positive scalar curvature. By 1141 the total space of a Seifert S 1 - 
bundle on X has a Sasakian-Einstein structure. We obtain examples of smooth 
toric Sasakian-Einstein 5-manifolds with every odd second Betti number. Cer- 
tain divisors in the twistor space of toric anti-self-dual Einstein orbifolds M of 
positive scalar curvature (cf. 1221 1 are toric surfaces of the above type. The as- 
sociated Sasakian-Einstein space is smooth if the 3-Sasakian orbifold associated 
to M(cf. 16 12 13 18 ) is smooth. Thus associated to every toric 3-Sasakian 
manifold is a Sasakian-Einstein 5- manifold. Using the quaternionic/3-Sasakian 
reduction procedure as in 1181 one constructs infinitely many toric 3-Sasakian 
manifolds providing us with a machine producing infinitely many smooth ex- 
amples of toric Sasakian-Einstein 5-manifolds. All the examples constructed 
are diffeomorphic to #k(S 2 X S 3 ) and we produce infinitely many examples for 
every odd k > 1. Furthermore, this produces Einstein metrics with infinitely 
many Einstein constants on each #fe(5 2 xS 3 ), for 1 > odd. An interesting as- 
pect of these examples is that they are submanifolds of 3-Sasakian 7-manifolds. 
Furthermore, these examples are non-homogeneous Einstein manifolds of pos- 
itive scalar curvature which are spin and admit real Killing spinors. See |S] for 
a definition of Killing spinors and [T ) .|53 | for their relevance to physics. Toric 
Sasakian-Einstein manifolds have been of interest in physics very recently as 
examples which can be used to test the AdS/CFT correspondence |30M51ll5*2) . 
This work expands the list of examples of toric Sasakian-Einstein manifolds to 
include examples of arbitrarily high second Betti number. 
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1. Introduction 



This work started with an observation in |69| concerning toric anti-self-dual 
Einstein orbifolds of positive scalar curvature (see H2D- These are anti-self-dual 
Einstein orbifolds (A4,g) with a torus T 2 of isometries. If M. is such an orbifold, 
then its twistor space Z is a Kahler-Einstein orbifold of positive scalar curvature 
with an effective divisor X t corresponding to each nonzero t G t® C, where t is the 
Lie algebra of T 2 . For generic t, X t is an irreducible toric surface. Furthermore, 
X is Fano, that is the anti-canonical V-bundle is positive K^ 1 > 0. And it is 
embedded as a suborbifold, meaning that X only has singularities coming from 
those of Z. The analytic structure of the toric surface is described by a fan A 
in Q x Q which is symmetric across the origin, —A = A. This corresponds to a 
holomorphic involution /3 : X — > X which acts on the anti-canonical cycle of curves 
UiDi which are the compliment of the algebraic torus Tfc = C* x C* C X. And 
acts on UiDi without fixed points or fixing any of the curves Di. Such a surface is 
called a symmetric toric Fano surface. 

The orbifold structure on X will be crucial. A complex orbifold has a canonical 
analytic structure, but the orbifold structure is much stronger. It is possible to have 
many different orbifold structures on the same analytic space, and the existence of 
certain metrics such as Kahler-Einstein metrics depends on the orbifold structure. 
The orbifold structure of X will be described by a convex polyhedron A* in Q x Q 
with integral vertices. The fan A consists of the rays through the vertices of A* 
and the 2-cones spanned by these. Again, A* is symmetric under the antipodal 
map. There is a simple relation between the orbit structure of Ai under T 2 as 
described in [22] using methods as in [58] or [37] and A*. In section [2] the relevant 
toric geometry is discussed, and we describe the relationships between symmetric 
toric Fano surfaces and anti-self-dual Einstein orbifolds. 

Using the technique of multiplier ideal sheaves, as in (541155) and [21] j m section^ 
we show that a symmetric toric Fano surface X admits a Kahler-Einstein metric 
with positive scalar curvature. That is, X admits a Kahler form to so that 

Ricci(o;) = Xoj, with A > 

where Ricci(u) is the Ricci form of u) which in a local coordinate patch is Ricci(w) = 
2^ri9(91ogdet(w fe j). The basic argument is as follows. 

A Kahler-Einstein metric is precisely a solution to the Monge- Ampere equation 

(1-1) (coo + ^-dd^) 2 =u 2 e^ +f , i€[0,l], 

for t = 1 where ljq G c\(X) is a Kaher form and / G C°°(X) is given by Ricci(o;o) = 
ujq + j-ddf. The Kahler-Einstein metric is then given by co = uiq + ^-dd(f>i. It is 
well known that there exists an e G (0,1] so that ()1.1() is solvable for t € [0, e). To 
complete the continuity argument one must show that the subset of t G [0, 1] for 
which 1(1.1)1 has a solution is closed. For this it is enough to have an a priori C° 
estimate on solutions to (11.1)1 . (cf. [41I7T]) 

We have (3 G M{T C ) C Aut(X), where Af{T c ) is the normalizer of T c in Aut(X). 
Let G C Af(Tc) be a compact subgroup containing T 2 and (3. Recall that W(A) := 
Af(Tc)/Tc is the finite group of automorphisms of the fan A. Let Wo Q W(A) 
be the subgroup preserving the polyhedron. So we may take G to be the maximal 
compact subgroup of Af(Tc) which is generated by T 2 and Wq. In the above 
discussion take wo and / G C°° to be G invariant. A solution to equation 1)1.1)1 for 
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t < 1 is unique, therefore must be G-invariant. Suppose that X does not admit a 
Kahler-Einstein metric. So equation i|l.lfl has no solution for t = 1, and the G° a 
priori estimate fails to hold. There exits an increasing sequence {tk} C (0, 1) and 
a sequence {4>k} of smooth G-invariant functions such that 4>k is a solution to 
with t = tk and with sup \ (f>k\ — > oo as fc — > oo. In section [21 we define a coherent 
sheaf of ideals J in Ox from the sequence the multiplier ideal sheaf. By 

construction J is G-invariant. And as is shown in |55| the sheaf J satisfies certain 
conditions which include: 

(i) J is proper, that is J is equal to neither the zero sheaf nor all of O. 

(ii) For all i > 0, H % (X,J) = 0. 

Denote by V C X the subscheme, or the possibly non-reduced complex analytic 
subspace, determined by J We have < dimF < 2. And a corollary to [n] is 

(1.2) H l (V,Ov) =0 for i > and H°(V,O v ) = C. 

From these properties it is easy to see that such a sheaf does not exist on X. 
Therefore must have a solution for t = 1. 

In section 0] the basics of Sasakian geometry are presented. Given a Kahler- 
Einstein orbifold with positive scalar curvature we construct as in |14| a Sasakian- 
Einstein metric on an S 1 ^-bundle over X. The V^-bundle is some power of the 
S 1 bundle associated to K^ 1 . Taking the maximum root of K^- 1 gives a simply 
connected Sasakian-Einstein orbifold M . The condition for smoothness of M is 
that the local uniformizing groups of the orbifold structure on X inject into the 
bundle group over each uniformizing neighborhood on A. In particular, for each 
symmetric toric Fano surface X we have a Sasakian-Einstein orbifold M. Results 
of S. Smale [HSj on the classification of smooth 5-manifolds imply that M is diffeo- 
morphic to #fc(S' 2 x S 3 ) if it is smooth and simply connected. 

Applying this construction to the twistor space Z of the anti-self-dual Einstein 
orbifold M. gives the associated 3-Sasakian space iS.(see ^21 an d EI) Associated 
to any toric anti-self-dual Einstein orbifold M with 7r° rb (A4) = e, we have the 
following inclusions and fibre maps. 

M — S 
i J 

(1-3) X — Z 

I 

M 

The horizontal arrows are inclusions. By the adjunction formula we have K^ 1 = 

_ i 

lt z 2 \x = L|x, where L is the I^-bundle associated with the contact structure 
on Z. It follows that if S is smooth, then so is M. This remark and the work 
of C. Boyer, K. Galicki, et al JS] provides us with a tool for producing smooth 
Sasakian-Einstein 5-manifolds. One can easily produce examples of toric anti-self- 
dual Einstein orbifolds with positive scalar curvature by taking quaternionic Kahler 
quotients of HLP m+1 by a torus T m C Sp{m + 2). In [TB] the condition on the 
mxm + 2 weight matrix f2 is determined for which the associated 3-Sasakian space 
Sq is smooth. Examples of toric 3-Sasakian 7-manifolds are constructed with every 
second Betti number. We make use of a computation of the integral cohomology of 
these 3-Sasakian manifolds due to R. Hepworth gUj. The group Go = iJ 4 (5n,Z) 
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is finite, and one can make its order arbitrarily high for weight matrices satisfying 
the smoothness condition. Thus for each second Betti number there are infinitely 
many distinct 3-Sasakian 7-manifolds. We have the following: 

Theorem 1.1. Associated to every simply connected toric 3-Sasakian 7-manifold 
S is a toric Sasakian-Einstein 5-manifold M with %i(M) = e. If b 2 {S) — k, then 
b 2 (M) = 2k + 1 and 

M #m(S 2 x S 3 ), where m = b 2 (M). 

diff 

In particular, there exist toric Sasakian-Einstein 5-raanifolds of every possible odd 
second Betti number. 

The results of theorem Ijl.lH as pictured in diagram (|1.3|) give an invertible 
correspondence. That is, given either M or X, one can recover M. and the other 
spaces in (|1.3[) . This makes use of results of D. Calderbank and M. Singer (22] on 
the classification of toric anti-self-dual Einstein orbifolds. 

The volume of a Kahler toric variety is the volume of the associated polytope. 
One can make use of this to determine the Einstein constants of the examples in 
theorem (f 1 . II) . 

Theorem 1.2. For each odd m > 1 there is a countably infinite number of Einstein 
metrics on M = jj=m(S 2 x S 3 ) constructed in theorem 1^1.1)) . If g t is the sequence 
of Einstein metrics normalized so that Vol 3 . (M) = 1, then we have Ric g . = Ajp, 
with the Einstein constants Aj — * as i — > oo. 

The restriction of k to be odd in the theorems is merely a limitation of the 
technique used. And some examples of Sasakian-Einstein metrics on #k(S 2 x S 3 ) 
for k even can be produced by this method. Sasakian-Einstein structure are known 
to exist on #k(S 2 x S 3 ) for all k > 1. Examples with k — 1, . . . , 9 were produced 
by C. Boyer, K. Galicki, and M. Nakamaye ED EOj More recently J. Kollar 
constructed families of Sasakian-Einstein metrics in all of the cases k > 6 @H] 
The Sasakian-Einstein structures produced here are distinguished from the above 
examples by the presence of a T 2 automorphism group. 

In section [5] the basics on 3-Sasakian manifolds and related geometries are cov- 
ered. In particular we review 3-Sasakian reduction and some results of C. Boyer 
and K. Galicki and others in ^B]- We also cover results on anti-self-dual Ein- 
stein orbifolds and twistor spaces which are needed in completing the picture given 
in diagram l|1.3|) . Then section H3 contains the main theorems on the new toric 
Sasakian-Einstein manifolds. In section [7] we give a more detailed description of 
some examples, starting with the simplest. There is an appendix giving some re- 
sults on orbifolds that are needed. This includes a overview of orbifold cohomology 
and characteristic classes and a summary of the results of A. Haefliger and E. Salem 
on toric orbifolds pT7] , 

2. Symmetric toric Fano surfaces 

We give some basic definitions in the theory of toric varieties that we will need. 
See [23 1561 1ST] for more details. In addition we will consider the notion of a 
compatible orbifold structure on a toric variety and holomorphic V-bundles. We 
are interested in Kahler toric orbifolds, and will give a description of the Kahler 
structure due to V. Guillemin |3^j . 
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2.1. Toric varieties. Let N = Z r be the free Z-module of rank r and M = 
Hom z (iV, Z) its dual. We denote Nq = N ® Q and Mq = M <g> Q with the natural 
pairing 

( , ) : Mq x Nq—> Q. 

Similarly we denote Nm = N ® M and Mr = M <g) K. 

Let T c := iV<8) Z C* = C* x • • ■ x C* be the algebraic torus. Each m £ M defines 
a character x™ : Tc — > C* and each n £ N defines a one-parameter subgroup 
A„ : C* — > Tc. In fact, this gives an isomorphism between M (resp. N) and the 
multiplicative group Hom a i g .(Tc, C*) (resp. Hom a i g .(C*, Tc)). 

Definition 2.1. A subset a of Nr is a strongly convex rational polyhedral cone if 
there are n\, . . . ,n r so that 

a = M>oni + • • • + M.> n r , 
and one has a D —a = {o}, where o G N is the origin. 

The dimension dime is the dimension of the K-subspace a + {—<?) of iVjj. The 
dual cone to a is 

<7 V = {x E Mr : (x, y) > for all y 6 a}, 
which is also a convex rational polyhedral cone. A subset r of a is a face, r < a, if 

t = er n m = {y € <r : (m, y) = 0} for m € ct v . 
And r is a strongly convex rational polyhedral cone. 

Definition 2.2. j4 fan in N is a collection A o/ strongly convex rational polyhedral 
cones such that: 

i. For er e A every face of a is contained in A. 

ii. For any a, t S A, £/ie intersection a H t is a face of both a and r. 

We will consider complete fans for which the support LUga a ^ s -^ R - ^ e wu ^ 
denote 

A(i) := {ct e A : dimcr = i}, < i < n. 

Definition 2.3. A fan in N is nonsingular if each a S A(r) is generate by r 
elements of N which can be completed to a Z-basis of N. A fan in N is simplicial 
if each a € A(r) is generated by r elements of N which can be completed to a 
Q-basis of Nq. 

If a is a strongly convex rational polyhedral cone, S a = <7 V n M is a finitely 
generated semigroup. We denote by C[S a ] the semigroup algebra. We will denote 
the generators of C[S a ] by x m for m £ S a . Then U a := SpecCfSV] is a normal 
affine variety on which Tc acts algebraically with a (Zariski) open orbit isomorphic 
to Tc. If cr is nonsingular, then J7 CT = C". 

Theorem 2.4 ([23 EZD- For a fan A in N the affine varieties Ua- for a £ A 
glue together to form an irreducible normal algebraic variety 

X A = (J U a . 

Furthermore, Xa is non-singular if and only if A is nonsingular. And Xa is 
compact if and only if, A is complete. 
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Proposition 2.5. The variety has an algebraic action ofTc with the following 
properties. 

i. To each a G A(i),0 < i < n, there corresponds a unique (n — i) -dimensional 
Tc-orbit Orb(cr) so that decomposes into the disjoint union 

X A = \J Orb(a), 

ctGA 

where Orb(o) is the unique n-dimensional orbit and is isomorphic to Tc- 

ii. The closure V(a) of Orb(<r) in Xg is an irreducible (n — i)- dimensional Te- 
stable subvariety and 

V(a) = |J Orb(r). 

T>er 

We will consider toric varieties with an orbifold structure. 

Definition 2.6. We will denote by A* an augmented fan by which we mean a fan 
A with elements n(p) G N n p for every p G A(l). 

Proposition 2.7. For a complete simplicial augmented fan A* we have a natural 
orbifold structure compatible with the action of Tc on A a ■ We denote A a with this 
orbifold structure by Aa* . 

Proof. Let a G A*(n) have generators pi,P2, ■ ■ ■ ,Pn as in the definition. Let N' C 
N be the sublattice N' = Z{pi,p2, ■ ■ ■ ,p n }, and a' the equivalent cone in N 1 . 
Denote by M' the dual lattice of N' and T(, the torus. Then U a > = C™. ft is easy 
to see that 

N/N' = Hom E (M'/Af,C*). 

And N/N' is the kernel of the homomorphism 

Tc = Hom z (Af',C*) -> T c = Hom z (M,C*). 

Let F = N/N'. An element t G L is a homomorphism t : M' — > C* equal to 1 
on M . The regular functions on U a i consist of C-linear combinations of x m for 
m G (T /v n M'. And t ■ x m — t(m)x rn . Thus the invariant functions are the C-linear 
combinations of x m for m G er v DM, the regular functions of U a . Thus U a / /T = U a . 
And the charts are easily seen to be compatible on intersections. □ 

Proposition 2.8. Let A be a complete simplicial fan. Suppose for simplicity that 
the local uniformizing groups are abelian. Then every orbifold structure on Aa 
compatible with the action of Tc arises from an augmented fan A*. 

Proof. Notice that the points with non-trivial stablizer groups are contained in 
X \ = L)f =1 Di. Let (j> : U — > U be a local uniformizing chart with group T. We 
may assume that U C C™ is a neighborhood of o G C™ and V C GL{n, C). Let 
i? < r be the subgroup generated by 5 G T with rank(g — Id) — 1. Then by results 
of [SI], C n /H is analytically isomorphic to C", and we have a local uniformizing 
chart if) : U/H — > J7. Let cr G A(n) be such that <^(o) G t/ CT . Let pi,p2, 
be primitive elements of A generating a over Q. Let N' = Z{pi,p2, ■ ■ ■ ,p n }, and 
let 7r : U a i = C™ — > [/a be the uniformizing chart with group N/N' as above. By 
a result in there is an injection C//i? — * U a i intertwining the group actions. 
Therefore, we may assume U / H = U a > and ip = tt. A generator g G i? , i.e. 
rank(g — Id) = 1, must fix a coordinate plane {x^ = 0} C C", and g*x t = e x,. 
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Thus H = Z ai © • ■ ■ © Z 0w . Define r : C™ -» C™ by t{z u ...,z n ) = (zf, . . . , 
Then we have a lifting of group actions 

-»■ if -► T n ^4 T" -» 1, 

and r = t~ 1 (N/N'). Thus is 7r o r, the latter easily seen to be canonical chart 
obtained by taking Q-generators a\px, C12P2, • ■ ■ , a n p n . □ 

Let A* be an augmented fan in N. We will assumed from now on that the fan 
A is simplicial and complete. 

Definition 2.9. A real function h : — » R is a A* -linear support function i/ 
/or eac/i a £ A* wi£/i given ^-generators p%, . . . ,p r in N, there is an l a £ Mq with 
h(s) = (Z CT ,s) and Z CT is Z-valued on the sublattice 7*{pi, . . . ,p r }. And we require 
that (Z(t,s) = (Z T ,s) whenever s G <r n r. XTie additive group of A* -linear support 
functions will be denoted by SF(A*). 

Note that h £ SF(A*) is completely determined by the integers h{n{p)) for all 
p £ A(l). And conversely, an assignment of an integer to h(n(p)) for all p £ A(l) 
defines h. Thus 

SF(A*) ^Z A{1 1 

Definition 2.10. Let A* be a complete augmented fan. For h £ SF(A*) ; 

S/j := {m £ Mr : (m,n) > Zi(n), /or a/Z n 6 Ar}, 
is a, possibly empty, convex polytope in Mr. 

We will consider the holomorphic line V-bundlcs on X = Aa*. All V^-bundles 
will be proper in this section. See appendix I A . 1 1 for a definition of proper and other 
basics of ^-bundles. The set of isomorphism classes of holomorphic line ^-bundles 
is denoted by Pic orb (A), which is a group under the tensor product. 

Definition 2.11. A Baily divisor is a Q-Weil divisor D £ Weil(X) ® Q whose 
inverse image £ Weil(Z7) in every local uniformizing chart Tt : U — > U is 
Cartier. The additive group of Baily divisors is denoted Div orb (X) . 

A Baily divisor D defines a holomorphic line V^-bundle [D] £ Pic orb (A) in a way 
completely analogous to Cartier divisors. Given a nonzero meromorphic function 
/ £ ^# we have the principal divisor 

div(/) ;=Y,Mf)V, 

V 

where vv(f)V is the order of the zero, or negative the order of the pole, of / along 
each irreducible subvariety of codimension one. We have the exact sequence 

(2.1) 1 -> C* -» J£* -> Div orb (A) U Pic orb (A). 

A holomorphic line ^-bundle tx : L — > X is equivariant if there is an action of 
Tc on L such that n is equivariant, n(tw) — tir(w) for w £ L and t £ Tc and the 
action lifts to a holomorphic action, linear on the fibers, over each uniformizing 
neighborhood. The group of isomorphism classes of equivariant holomorphic line 
F-bundles is denoted Pic orb T c (A). Similarly, we have invariant Baily divisors, 
denoted Div orb Tc (A), and [D] £ Pic orb Tc (A) whenever D £ Div orb Tc (A). 

Proposition 2.12. Let X — Aa* be compact with the standard orbifold structure, 
i.e. A* is simplicial and complete. 
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i. There is an isomorphism SF(A*) = T)iv orb T c {X) obtained by sending h G 
SF(A*) to 

D h :=- K<P))V{ P ). 
peA(i) 

ii. There is a natural homomorphism SF(A*) — > ¥ic orb T c (X) which associates 
an equivariant line V -bundle L/j to each h G SF(A*). 

Hi. Suppose h G SF(A*) and m G M satisfies 

(to, n) > h(n) for all n € iVjg, 

£/ien m defines a section %p : X — > which has the equivariance property ip(tx) = 
X m (t)(t^(x)). 

iv. The set of sections H (X,O(Lh)) "is the finite dimensional C-vector space 
with basis {x m : m S X/, n M} . 

v. Every Baily divisor is linearly equivalent to a Tc-invariant Baily divisor. Thus 
for D G Pic orb (X), [D] ^ [D h ] for some h G SF(A*). 

vi. If "L is any holomorphic line V -bundle, then L = L/j for some h 6 SF(A*). 
The homomorphism in part i. induces an isomorphism SF(A*) = Pic orb x c (X) an d 
we have the exact sequence 

-> M -> SF(A*) -> Pic orb (X) -> 1. 

Proof, i. For each er G A(n) with uniformizing neighborhood 7r : U a i — > ?7 CT as 
above the map /i — » £)/j assigns the principal divisor 

div(ar'-) = - Hn(p))V'(p), 

pSA(l),p<£r 

where V^'(p) is the closure of the orbit Orb(p) in U a i. An element Div orb T c (A) 
must be a sum of closures of codimension one orbits V(p) in proposition Q2.5[l . and 
by above remarks the map is an isomorphism. 

ii. One defines L/j := [Dh], where [Dh] is constructed as follows. Consider a 
uniformizing chart ir : U a > — > ?7 CT as in proposition (|2.7() . Define L/j|j/ , to be the 
invertible sheaf 0\j a , (Dh), with Dh defined on U a > by x~ l ° . So ~Lh\u a , — U a > x C 
with an action of T^, 

t(a;,u) = (tx,x~ l °{t)v) where i € T^, (x,v) G x C. 

Then 1jh\u„ is the quotient by the subgroup N/N' C T^, so it has an action of Tfc. 
And the L/j|(/ CT glue together equivariantly with respect to the action. 

iii. For a G A we have (to, ti) > (Z CT , n) for all rt G a. Then to — l a G A/' n u' v and 
x m-i a j g a sec y on f t ne invertible sheaf , (Dh) and is equivariant with respect 
to N/N' so it defines a section of L^|[/ ct . And these sections are compatible. 

iv. We will make use of the GAGA theorems of A. Grothendieck |.i'2l I33| . As 
with any holomorphic V-bundle, the sheaf of sections 0(Lh) is a coherent sheaf. It 
follows from GAGA that we may consider 0(Lh) as a coherent algebraic sheaf, and 
all global sections are algebraic. If <j) is a global section, then cf> G H°(Tc, 0(Lh)) C 
C[M]. And in the uniformizing chart ir : U a ' — > U a , (j> lifts to an element of the 
module Ou , ■ x l " which has a basis {x m : m G l a + M' Da' }. So <j>\v B is a C-linear 
combination of x m with to G M and (m, n) > h(n) for all n G cr. Thus to G E/j. 

v. The divisor Tc PI D is a Cartier divisor on T"c which is also principal since 
C[M] is a unique factorization domain. Thus there is a nonzero rational function 
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/ so that D' = D — div(/) satisfies D' n T c = 0. Then D' G Div orb Tc (X), and the 
result follows from i. 

vi. Consider Lj/ , on a uniformizing neighborhood J7 CT / as above. For each p e 
A(l), p < a the subgroup H p C N/N' fixing V'(p) is cyclic and generated by n' e AT 
where n' is the primitive element with a p n' — n(p). Now H p acts linearly on the 
fibers of Lj/ , over V^'(p). Suppose n' acts with weight e 2 ™~, then let Z? p := kV(p). 
If D' := EpeA(i) D P' thcn L ' := LO [-£>'] is Carticr on X Q := X\Smg{X), where 
Sing(X) has codimension at least two. The sheaf O(L') is not only coherent but 
is a rank-1 reflexive sheaf. By GAGA O(L') = E (g> O', where E is an algebraic 
reflexive rank-1 sheaf and O' is the sheaf of analytic functions. It is well known 
that E = 0{D) for D G Weil(AT). And as a Baily divisor, we have L' = [D]. So 
L = [D + D ], and by v. we have L = L h for some h e SF(A*). □ 

The sign convention in the proposition is adopted to make subsequent discus- 
sions involving consistent with the existing literature, although having D- m = 
div(x m ) maybe bothersome. Note also that we denote a Baily divisor by a formal 
Z-linear sum the coefficient giving the multiplicity of the irreducible component in 
the uniformizing chart. This is different from its expression as a Weil divisor when 
irreducible components are contained in codimension- 1 components of the singular 
set of the orbifold. 

For X = 1a* there is a unique k e SF(A*) such that k(n(p)) = 1 for all 
p € A(l). The corresponding Baily divisor 



is the (orbifold) canonical divisor. The corresponding V-bundle is Kj, the V- 
bundle of holomorphic n-forms. This will in general be different from the canonical 
sheaf in the algebraic geometric sense. 

Definition 2.13. Consider support functions as above but which are only required 
to be Q-valued on Nq, denoted SF(A, Q). h is strictly upper convex if h(n + n') > 
h(n) + h(n') for all n, n' € Nq and for any two a, a' e A(n), l a and l a > are different 
linear functions. 

Given a strictly upper convex support function h, the polytope S/j is the convex 
hull in Mr of the vertices {l a '■ & € A(n)}. Each p e A(l) defines a facet by 



If n(p) = a p n' with n' <^ N primitive and a p e Z+ we may label the face with a p to 
get the labeled polytope E£ which encodes the orbifold structure. Conversely, from 
a rational convex polytope S* we associate a fan A* and a support function h as 
follows. For an /-dimensional face 9 C S*, define the rational n-dimensional cone 
cr v (0) C Mr consisting of all vectors X(p — p'), where A <G K>o,P G S, and p' e 9. 
Then a(6) C is the (n — /)-dimcnsional cone dual to cr v (9). The set of all a(9) 
defines the complete fan A*, where one assigns n(p) to p e A(l) if n(p) = an' with 
n' primitive and a is the label on the corresponding (n— I)-dimensional face of E*. 
The corresponding rational support function is then 



(2.2) 




peA(i) 



(m,n(p)) > h(n(p)). 



h(n) = inf{(m, n) : m £ E*} for n £ Ar. 
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Proposition 2.14 ( |57l I27|L There is a one-to-one correspondence between the 
set of pairs (A*,/i) with h S SF(A,Q) strictly upper convex, and rational convex 
marked polytopes E^ . 

We will be interested in toric orbifolds Xa* with such a support function and 
polytope, Ej!j. More precisely will will be concerned with the following. 

Definition 2.15. Let X = X&* be a compact toric orbifold. We say that X is 
Fano if —k G SF(A*), which defines the anti- canonical V -bundle , is strictly 
upper convex. 

These toric variety aren't necessarily Fano in the usual sense, since K^- 1 is the 
orbifold anti-canonical class. This condition is equivalent to {n € JVr : k(n) < 1} C 
Nm being a convex polytope with vertices n(p), p £ A(l). We will use A* to denote 
both the augmented fan and this polytope in this case. 

If ~Lh is a line V^-bundlc, then for certain s > 0, Lf = h s h will be a holomorphic 
line bundle. For example s = Ord(X), the least common multiple of the orders 
of the uniformizing groups, will do. So suppose L/j is a holomorphic line bundle. 
If the global holomorphic sections generate L^, by proposition (|2.12(1 M n E/, 
< m i . mi, . . . , m r } and we have a holomorphic map iph : X — > CP r where 

(2.3) i> h {w) := [x m °(w) : x mi (w) : • ■ ■ : x mr (w)]. 

Proposition 2.16 (|57j). Suppose L/j is a line bundle, so h € SF(A*) is integral, 
and suppose h is strictly upper convex. Then is ample, meaning that for large 
enough v > 

1> vh :X^> CP N , 
is an embedding, where M n S^h = {mo, mi, . . . , rajv}. 

Corollary 2.17. Let X be a Fano toric orbifold. If v > is sufficiently large with 
— vk integral, K _l/ will be very ample and ip-uk ■ X — > CP N an embedding. 

2.2. Kahler structures. We review the construction of toric Kahler metrics on 
toric varieties. Any compact toric orbifold associated to a polytope admits a Kahler 
metric (see Due to T. Delzant [53] and E. Lerman and S. Tolman in the 

orbifold case, the symplectic structure is uniquely determined up to symplectomor- 
phism by the polytope, which is the image of the moment map. This polytope is 
of the previous section with h generalized to be real valued. There are infinitely 
many Kahler structures on a toric orbifold with fixed polytope but there is a 
distinguished Kahler metric obtained by reduction. V. Guillemin gave an explicit 
formula |34II21| for this Kahler metric. In particular, we show that every toric Fano 
orbifold admits a Kahler metric u> S ci(X). 

Let E* be a convex polytope in Mr = R n * defined by the inequalities 

(2.4) (x, Ui) > Aj, i = 1, . . . , d, 

where u t e N C N R = R™ and A 4 e R. If E^ is associated to (A*, h), then the Ui 
and Aj are the set of pairs n(p) and h(n(p)) for p £ A(l). We allow the Xi to be 
real but require any set Ui 1 , . . . , Ui n corresponding to a vertex to form a Q-basis of 
Nq. 

Let (ei, . . . , e d ) be the standard basis of R d and /3 : R d -> 1" be the map which 
takes ei to Ui. Let n be the kernel of /?, so we have the exact sequence 

(2.5) O^nAl^R"^ 0, 
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and the dual exact sequence 



(2.6) -» R n * £ M. d * ±> n* -» 0. 
Since l|2.5(l induces an exact sequence of lattices, we have an exact sequence 

(2.7) 1 — > JV — > T d — > T n — > 1, 

where the connected component of the identity of N is an (ef— n)-dimensional torus. 
The standard representation of T d on C d preserves the Kahler form 

. d 

(2.8) l -^dz k ?\dz k , 

fc=i 

and is Hamiltonian with moment map 

1 d 

(2-9) //(z) = -^|z fe | 2 e fe + c, 

fe=i 

unique up to a constant c. We will set c = X)fe=i ^k^k- Restricting to n* we get 
the moment map for the action of N on C d 

1 d 

(2.10) M*) = -^2\z k \ 2 a k + X, 

fe=i 

with afe = t*e k and A = ^fe a fe- Let Z = /^^(O) be the zero set. By the exactness 
of $nft z e Mjv^ ) if an onl y if thcre is a w G R n * with fi(z) = f3*v. Since (3* is 
injective, we have a map 

(2.11) v:Z^R n *, 
where j3*v{z) = fi(z) for all z E Z. For z E Z 

(u(z),Ui) = (J3*u(z),ei) 

(2.12) ={K z )i e i) 

= ^\zi\ 2 + K 

thus v(z) E X*. Conversely, if w E X*, then u = 1/(2) for some z E Z and in fact a 
T d orbit in Z. Thus Z is compact. The following is not difficult to show. 

Theorem 2.18. The action of N on Z is locally free. Thus the quotient 

X s » = Z/N 

is a compact orbifold. Let 

7T : Z -> X 

be the projection and 

i:Z^C d 

the inclusion. Then X-^,* has a canonical Kahler structure with Kahler form lo 
uniquely defined by 

. d 

it*uj = 2J dz k A dz k ). 

k=l 
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The canonical Kahler metric in the theorem is call the Guillemin metric. 
We have an action of T n = T d /N on X^* which is Hamiltonian for ui. The map 
v is T d invariant, and it descends to a map, which we also call v, 

(2.13) v : X-z* —>■ M"*, 

which is the moment map for this action. The above comments show that Im(f ) = 
£*. The action T n extends to the complex torus TJ? and one can show that as an 
analytic variety and orbifold X-^* is the toric variety constructed from E* in the 
previous section. See |35| for more details. 

Let a : C d — > C d be the involution a(z) — z. The set Z is stable under cr, and 
a descends to an involution on X. We denote the fixed point sets by Z r and X r . 
And we have the projection 

(2.14) 7T : Z r -> X r . 

We equip Z r and X r with Riemannian metrics by restricting the Kahler metrics on 
C d and X respectively. 

Proposition 2.19. The map \2.1J$ is a locally finite covering and is an isometry 
with respect to these metrics 

Note that Z r is a subset of M. d defined by 

(2.15) ^ = "A- 

k=l 

Restrict to the orthant Xk > k = 1, . . . , d of M. d . Let Z^. be the component of Z r 
in this orthant. Under the coordinates 

(2.16) Sfe = Y' fc = 1 >-..,d. 
The flat metric on M. d becomes 

1 ^ (ds k ) 2 



Consider the moment map v restricted to Z' r . The above arguments show that v 
maps Z' r diffeomorphicly onto the interior S° of S. In particular we have 

(2.18) (v(x),u k ) = A fe +s fe , k = l,...,d, for x G Z^- 
Let / fe : M"* -> R be the affine function 

Z fe (x) = (x,Uk) - Xk, k = l,...,d. 
Then by equation H2.18[) we have 

(2.19) l k ov = s k . 
Thus the moment map v pulls back the metric 

k=l 

on S° to the metric (I2.17|) on Z' r . Wc obtain the following. 

Proposition 2.20. The moment map v : X' r — > S° is an isometry when E° is 
given the metric \2.2U\) . 

li 



Let W C X be the orbit of TJ? isomorphic to Tg. Then by restriction W has 
a T"-invariant Kahler form u>. Identify TJ? = C™/27riZ", so there is an inclusion 
i : K" -> T£. 

Proposition 2.21. Le£ lo be a T n -invariant Kahler form on W. Then the action 
of T n is Hamiltonian if and only if u has a T" -invariant potential function, that 
is, a function F S C°°(R n ) such that 

lu = 2iddF. 

Proof. Suppose the action is Hamiltonian. Any T"-orbit is Lagrangian, so u> re- 
stricts to zero. The inclusion T n C TJ? is a homotopy equivalence. Thus u> is exact. 
Let 7 be a T"-invariant 1-form with lu = dj. Let 7 — [3 + (3 where (3 £ O ' . Then 

to = dj = d[3 + Bf3, 

since 8(3 = d(3 = 0. Since H ok (W)T™ = for k > 0, there exists a T n -invariant 
function / with (3 = df . Then 

Lj = ddf + Bdf = 2iddlm f. 

The converse is a standard result . □ 

Suppose the T n action on W is Hamiltonian with moment map v : W — > K™*. 
Denote by x + iy the coordinates given by the identification W — C™/27riZ™. 

Proposition 2.22 ( |34|L f/p to a constant v is the Legendre transform of F, i.e. 

dF 

v(x + iy) = — +c, c S R™ 
ax 



d^t = -i( S— \lu. 



Proof. By definition 

du,. = -,.( 

,dy k 

But by proposition (|2.21() . 

SO 

dvk = —i>\ w = d - — 

\aykj \oxk 

Therefore v k = Jjj^ + c fc . □ 

We can eliminate c by replacing F with _F — Y], _, CfcXfc. 
Notice that the metric l|2.20|l on S° can be written 

(2 - 21) £«5S£*'* h 

with 

1 d 

(2-22) G=-Y,Uv)togUv)- 



2 

fc=i 
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V. Guillemin [33] showed that the Legendre transform of G is the inverse Legendre 
transform of F, i.e. 

dF , dG 

(2.23) — = y and — = x. 

From this it follows that 

n 

) = \ t.-i/j — Ct(n\ wlnprp ?/ = 

eta 



n dF 
(2.24) F(a?) = - G (^)> where ^ = 7T' 



Define 

d 

loc(x) = yi{x,Uj). 
i=l 

From equations (|2.22|l and Ij2.24[l it follows that F has the expression 



(2.25) F = 



which gives us the following. 



Theorem 2.23 f [34112 lp . On the open T£ orbit of X^,> the Kahler form u> is given 
by 



iddv* (X>* lo S 



Suppose we have an embedding as in proposition l|2.16fl . 

i> h : x E . - :./ >v . 

So Eft is an integral polytope and M PI £/, = {mo, toi, . . . , to^t}. Let u> FS be the 
Fubini-Study metric on CP N . Note that ip^ajps is degenerate along the singular 
set of X, so does not define a Kahler form. 

Consider the restriction of iph to the open TJ? orbit W C X . Let l — tph\w- It is 
induced by a representation 

(2.26) t:T£->GL(N + 1,C), 

with weights too, toi, . . . , to^t. If z = x + iy G C™/27rzZ™ = T^, and u> = 
(u> , . . . , ww), then 

(2.27) T(expz)» = {e< m °' x+iy) w ,...,e< mN ' x+iy} w N ). 
Recall the Fubini-Study metric is 

(2.28) uj FS = idd log \w\ 2 . 

Let [wo ■ ■ ■ ■ ■ wn] be homogeneous coordinates of a point in the image of W, then 

/ N 

(2.29) i*w FS =idd l«v I"' 



2 2<m fc ,x) 

I ^/c | 

fc=0 



From equation 12.22|l we have 

dG _ 1 
2 



3=1 
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where u = ^Uj. Then 



dG 

2(rrii,x) = 2{mi, ^— ) = y^{m,,Mj) logl, + (m 4 , it) 
y 3=1 



So setting = e < m <>"> ) gives 



^ 3=1 



But from 



Combining these, 



e 



d 

2F _ ,,* I J x TT 1 X , 

3 



3 = 1 



d 



Let fcj = |tUj| dj, then summing gives 

N 



where 



J2\w<\ 2 e 2{m - X) =e 2F v*(e- l ~Q), 

i=l 

iV rf 



l 3 

»=1 3=1 



Thus we have 

(2.30) ^wj^w + iflft/* (-'«,+ log Q). 

Using that E^ is integral, and fej =^ for rrij a vertex of E^, it is not difficult to 
show that Q is a positive function on E/j. Thus equation l|2.3(J[l is valid on all of X. 

Theorem 2.24. Suppose L/, zs i;erj/ ample for some h £ SF(A*) strictly upper 
convex and integral, and let lu be the Guillemin metric for the polytope E^. Then 

[Uj] = 27TCl(L) = [iphUlpg]. 

Corollary 2.25. Suppose X = Xa* is Fano. Let lu be the Guillemin metric of the 
integral polytope Yi*_ k . Then 

[lo] = 27rc 1 (KT 1 ) = 2tt Ci {X). 

Thus c\{X) > 0. Conversely, if C\{X) > 0, then K~ p is very ample for some p > 
and X is Fano as defined in definition 1^2.15)) . 

Proof. For some p £ Z + , — pk £ SF(A*) is integral and J-i- p k = K~ p is very ample. 
Let uj be the Guillemin metric of the integral polytope El fe . From the theorem 
we have 

[u>] = 2nc 1 {Kr p ) = 2irp Cl (X). 
Let lu be the Guillemin metric for El fe . Theorem (|2.23(1 implies that [u>] = p[ui] 

For the converse, It follows from the extension to orbifolds of the Kodaira em- 
bedding theorem of W. Baily 6 that K _p is very ample for some p > sufficiently 
large. It follows from standard results on toric varieties that — k is strictly upper 
convex (see 123). □ 

14 



The next result will have interesting applications to the Einstein manifolds con- 
structed later. 

Proposition 2.26. With the Guillemin metric the volume of is (2tt)" times 
the Euclidean volume o/E. 

Proof. Let W C X be the open T c ' orbit. We identify W with C n /2wiZ n with 
coordinates x + iy. The restriction of ui to W is 

" d 2 F 

"k= E -J7JJK' Lrr ,,! "- 

Thus 

uj n i f d 2 F \ 7 

^ = det (d^ dxAdy - 

Integrating over dy gives 

By proposition (|2.22() x — > z = z/(x + iy) = ^ is a diffeomorphism from R™ to E°. 
By the change of variables, 




□ 

Corollary 2.27. Let X — X&* be a toric Fano orbifold. And let lu be any Kahler 
form with lu G C\{X). Then 

Vo\(X,lu) = -c x {X) n [X] = Vol(E_ fc ). 
n! 

Proof. Let lu g be the Guillemin metric associated to El fe , then G c i{X) by 

corollary (|2~23|) . Then 

Vo\{X,u) = -±—Vo\{X t u a ) = Vol(S_ fc ). 

[27TJ" 

□ 

2.3. Symmetric toric orbifolds. Let Xa be an n-dimensional toric variety. Let 
N{T C ) C Aut(X) be the normalizer of T c . Then W(X) := N{T C )/T C is isomorphic 
to the finite group of all symmetries of A, i.e. the subgroup of GL(n, Z) of all 
7 G GL(n, Z) with 7(A) = A. Then we have the exact sequence. 

(2.31) 1 -> T c -> 7V(T C ) -> -» 1. 

Choosing a point x € X in the open orbit, defines an inclusion Tc C X. This 
also provides a splitting of Ij2.31|l . Let Wo(X) C W(X) be the subgroup which 
are also automorphisms of A*; 7 G Wo(^0 is an element of 7V(Tc) C Aut(X) 
which preserves the orbifold structure. Let G C TV (Tic) be the compact subgroup 
generated by T™, the maximal compact subgroup of Tc, and Wo(X). Then we have 
the, split, exact sequence 

(2.32) 1 -> T n -► G^ Wo(X) -> 1. 

is 



Definition 2.28. A symmetric Fano toric orbifold X is a Fano toric orbifold with 
Wo acting on N with the origin as the only fixed point. Such a variety and its 
orbifold structure is characterized by the convex polytope A* invariant under Wo- 
We call a toric orbifold special symmetric if Wo(X) contains the involution a : 
N — > N, where o~(n) = — n. 

Conversely, given an integral convex polytope A*, inducing a simplicial fan A, 
invariant under a subgroup Wo C GL(n,Z) fixing only the origin, we have a sym- 
metric Fano toric orbifold Xa« • 

Definition 2.29. The index of a Fano orbifold X is the largest positive integer m 
such that there is a holomorphic V -bundle L with L m = . The index of X is 
denoted Ind(X). 

Note that ci{X) 6 P 2 rb (X, Z), and Ind(X) is the greatest positive integer m 
such that ±c x {X) e H 2 orb (X, Z). 

Proposition 2.30. Let Xa* be a special symmetric toric Fano orbifold. Then 
Ind(X) = 1 or 2. 

Proof. We have K 1 = L_ fe with -fc S SF(A*) where -k(n p ) = -1 for all p e 
A(l). Suppose we have L m = K _1 . By proposition (|2.12[l there is an h G SF(A*) 
and / € M so that m/i = — k + f. For some p £ A(l), 



Thus m{h{n p ) + h(—n p )) = 



mh{n p ) = -1 + /(n p ) 
mh(—n p ) = -1 - /(n P )- 

—2, and m = 1 or 2. 



□ 



We will now restrict to dimension two, symmetric toric Fano surfaces. In the 
smooth case every Fano surface, called a del Pezzo surface, is either CP 1 x CP 1 or 
CP 2 blown up at r points in general position < r < 8. The smooth toric Fano 
surfaces are CP 1 x CP 1 , CP 2 , the Hirzebruch surface Pi, the equivariant blow up of 
CP 2 at two Tc-fixed points, and the equivariant blow up of CP 2 at three Tc-fixed 
points. There are only three examples of smooth symmetric toric Fano surfaces, 
which are CP 1 x CP 1 , CP 2 , and the equivariant blow up of CP 2 at three Tc-fixed 
points. The problem of the existence of Kahler-Einstein metrics on smooth Fano 
surfaces is completely solved by G. Tian and S.T. Yau [HZIEHj- Such a surface 
admits a Kahler-Einstein metric if the Lie algebra of holomorphic vector fields is 
reductive. These are the cases CP 1 x CP 1 , CP 2 , and CP 2 blown up at 3 < r < 8 
points in general position. The smooth toric Fano surfaces admitting a Kahler- 
Einstein metric are precisely the symmetric cases. In the next section we will prove 
that all symmetric toric Fano orbifold surfaces admit Kahler-Einstein metrics. The 
surfaces we consider are, strictly speaking, log del Pezzo surfaces, since we require 
the orbifold anti-canonical bundle to be ample. Note that by the work of S. Bando 
and T. Mabuchi |7] we may suppose that the Kahler-Einstein metric is T 2 xi Wo 
invariant. In this case the number of examples is infinite, including examples of 
every even second Betti number. This is because it is elementary to construct 
antipodally symmetric examples. 
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Figure 1. The three smooth examples 







(7,2) 





















Figure 2 . Example with 8 point singular set and Wo = Z 2 



3. Kahler-Einstein metrics 

This section will present the methods and results from the analysis of Monge- 
Ampere equations and the theory of multiplier ideal sheaves that we will use to 
prove that symmetric toric Fano surfaces admit Kahler-Einstein metrics. 

3.1. Kahler-Einstein metrics and the complex Monge- Ampere equation. 

Let X be an n-dimcnsional Fano orbifold and G C Aut(A) a compact group of 
holomorphic automorphisms. Let g be a Kahler metric on X with Kahlcr form 
w G ci(X). By averaging over the compact group G we may assume that g is 
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(-2,-2) 



Figure 3. Example with b 2 = 7 and W = D 3 



G invariant. In local holomorphic coordinates we have g = Y, g a pdz a £g> dzp and 
uj = Qafidza A dzp. If Ric = Rapdza ® dzp is the Ricci curvature of X, then 

the Ricci form Ricci(w) is the associated (1, l)-form and we have 



(3.1) Ricci(w) = — dd\ogdet{g a p) 



i 

Definition 3.1. A Kahler-Einstein metric on a Kahler orbifold X is a Kdhler 
metric g with 

Ricci (u>) = Au>, 
where lj is the Ricci form and X is a constant. 

In our case X is Fano, so we must have A > 0. Since lo and Ricci(w) are in 
Ci(X), we have 

(3.2) Ricci(w) = uj + —ddf for some / <= C°°{X). 
For each t £ [0, 1] consider the complex Monge- Ampere equation 

(3.3) (u + ±d8<l> t ) n =u n e- t +< + t, 

for an unknown real- valued function <f> = <fi t . It is automatic that u>t = cu+-^dd(j)t > 
0. It is well known that the existence of a Kahler-Einstein metric on X is equivalent 
to a solution of l|3.3[l with t = 1. Take — ^dd log of equation l|3.3(l to get 

i — % — 

^ ^ Ricci(w t ) = Ricci(w) + t—ddfa - i^ddf 

= (1 — t)u) + tuo t 

So if t = 1, we have Ricci(wi) = u>\. By Yau's solution to the Calabi conjecture [7T1, 
see also [5], equation is solvable when t = 0. We use the continuity method to 
attempt to go from t = to t = 1. This is not always possible as there are known 
obstructions to the existence of a Kahler-Einstein metric on a Fano orbifold. (cf. |SU1 

EH) 

A function <f> E C 2 is admissible if u + ^dd<j> > 0. Note that a solution to 
is automatically admissible. Let be the set of C 5+a admissible functions. And 
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define a map T by 



x93(t,^ log 



+ t4> € C 3+a . 



Differentiating T with respect to </> at t € (0, 1) gives 
(3.5) £VT(*><£)V> = -AtV> + ^>, 

where A t is the Laplacian with respect to the metric g t associated to io t = w 
^dd(j} t , i.e. A t = g" p d a dp. 



:dd(f>t, i.e. At = gfd a dg. We will use the following: 



Theorem 3.2. Suppose the the Ricci curvature of the compact Kahler manifold 
(X,g) satisfies Ric > A. Then the first eigenvalue fj,\ of A satisfies ji\ > A. 

Because of equation (I3.4|l we have /ii > t. It follows from the implicit function 
theorem that the map (t, <f>) — > (i, r(i, 0)) is a diffeomorphism of a neighborhood of 
(t, 0) G (0, 1) x 8 to a neighborhood of (t, T(t, (f>)), where <p is a solution of l|3.3(l f . 
If 4> s is a solution to (|3.3|) f for t = s G (0, 1), then there are solutions to (|3.3|U for 
t G (s - (J, s + S), 6 > 0. Thus the set E = {t E (0, 1] : %6.ty * has a solution with t = 
t} is open. 

There is a difficulty at t = 0. Suppose we chose / so that J e' dfi g = J dfi g . Then 
r(0, <t>) = f will have a solution <j> , unique up to a constant by the solution to the 
Calabi conjecture [SJE]. But the map T is not invertible at (0, <fo)- Therefore 
consider the modified map f:ix0^ C 3+a , 



(3.6) T(t, 4>) = r(t, 4>) + c J (f>dn gi for c> 0. 

Then T is continuously differentiable with 

D$f(t, 4>)ip = -A t ip + tip + / ipdfj, g . 



Then T is locally invertible at any solution to T(t,(f>) = f, for < t < 1. And 
r(0, (p) = f has a unique solution <^>o by the Calabi conjecture. Apply the implicit 
function theorem at (0, 4>q) to get for some small e > a solution T(e, <p £ ) = f . Then 
<p t — <p t + | J (pedfJ-g is a solution to l|3.3|l f with t = e. Therefore E is non-empty 
and open. Equation (|3.3|) f has a solution for t = 1 and X admits a Kahler-Einstein 
metric if E is also closed. 

It is worth noting that a solution <p s to (|3.3|l f for i = s 6 (0, 1) is unique. One 
shows that the required a priori estimate exits for t G (0, s) thus (0, s] C E. Then 
one considers solutions to 13.61 back to t = using the implicit function theorem 
and the uniqueness at t = gives the result. Thus a solution ^> s , s G £7, s < 1 is 
invariant under G. 

It to show that E is closed suffices to prove an a priori C 2+Q -estimate with 
a G (0,1) on the solutions 4>t,t G -E to (|3.3|) . Given t' € E and a sequence 
{s;} C £7 with Si — > t'. By Ascoli's theorem there is a subsequence {si k } such that 
0i fc - ¥ 4>t> G C 2 , where convergence is in C 2 , and <p t i is a solution to (|3.3|l with 
t = t' . It follows that Kahler-Einstein metric obtained will be G-invariant. One 
can improve this to merely requiring a C°-estimatc. 
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Lemma 3.3 ( 71 ). There exist constants b and c depending only on (X,g) such 
that all solutions <fi to satisfy 

0<n + Ac/)< ce Hsup0-inf«^ 

Theorem 3.4 f|71|). Let <f> be a solution to . then there is a C° '-estimate of 

the mixed derivatives <f> a p?y depending on 

\\<t>\\c°, 9, \\f\\c°, l|V/|| C o, sup||V aa /|| c o, and sup ||V a( g 7 /|| c o. 

Using the above and the ellipticity of A we see that if there is a constant C > 
with ||0||c° < C f° r a H solutions cj) to H3.3|W . t G E, then there is a constant C so 
that |j(/)|| C 2+ Q < C for all solutions <j> for any a S (0, 1). 

For the remainder of this section we suppose 1 ^ E. So a C°-estimate fails 
to hold. There exists an increasing sequence {tk},tk <G (0,1), and a sequence 
{<M,0 € C 00 , such that 

(i) <fik is a solution to equation (|3.3l) t for i = fc = 1, 2, . . .; In particular each 
4>k is admissible; 

(ii) each k = 1, 2, . . . is G-invariant, and 
(hi) ||0fe||c° — > oo as £; — > oo. 

We will make use of the following Harnack-type inequality (cf. [HI] or [66 j). 

Proposition 3.5. For e > there is a constant C > 0, depending on e, such that 

sup(— 4>k) < (n + e)sup (f>k + C for all k. 
x x 

It follows from this inequality that sup A/ 4>k — > oo as k — > oo. The following will 
be crucial. 

Proposition 3.6 ( |65l I64j ). For every 7 6 (^pj, 1), we have 

e7 sup M <f> k f e -i<t>*dli g -► 00 as fc -> 00. 
Jm 

Proof. In the following C > will denote an arbitrary constant, independent of k, 
that will change between equations. Since Vol g = J u n = / w£ = Vol gfc , 
where Wfc = + ^ddtfik and is the associated metric, we have from (I3.3|) ». t = t% 

J e-^dfig > e- supf Vo\ g . 

Thus we have 

(3.7) C J e-^dfig > inf e ( * fc " 7)0fc , for all k > 0. 

Suppose the proposition does not hold, then after replacing {</>&} by a subsequence 
we have 

(3.8) J e-^ h dn g < C inf e~ 7 ^ for all k > 0. 

First consider the case where i& < 7. Combining the above two inequalities we 
have 

(t k - 7)sup fe < -7 sup fe + C. 

X X 
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Thus sup x 4>k < C. So tk < 7 for only finitely many k. Now suppose that tk > 7. 
Then we have 

(tk ~ 7) in f <t>k < -7 sup (f>k + C. 
x x 

From this and proposition (|3.5() we have 

(3.9) 7(t fc - 7) _1 sup <f) k < -inf </> fe + C < (n + e)sup (p k + C. 

x x x 

But since < 7 < tfc < 1, we have j(tk — 7) _1 > n. Choosing e > sufficiently 
small H3.9f) we have sup x <pk < C for all k > 0, a contradiction. □ 

Recall that <? is invariant under the compact group G C Aut(X) and has Kahler 
form uj G C\(X). Define 

P G (X,g) = {(j) G G°° : uj + — ddcj) > 0, and <t> is G-invariant}. 

It is proved in [S3] that there are positive constants a, G, depending on (X, g), such 
that 

(3.10) J e -«(*- su Px *)^ g < C for all G P G (X, g). 

Definition 3.7. a G (X) = sup{a > : 3C > 0, s.t. fOfl holds V(f> G Pel- 
It is not difficult to see that ac(X) is a holomorphic invariant of a Fano orbifold, 
defined with respect to any metric G-invariant metric g with Kahler form in c\(X). 
Proposition l|3.6[) proves the following. 

Theorem 3.8 (|HS|)- Let (X,g) be a Kahler orbifold with Kahler form uj G c\(X). 
If a G (X) > ^xf, then X admits a Kahler- Einstein metric. 

This was used by V. Batyrev and E. Selivanova jH] to prove that any symmetric 
toric Fano manifold admits a Kahler-Einstein metric by proving that a G (X) > 1. 
We take a different approach in this work. 

We will need the following proposition. See for a proof. 

Proposition 3.9. After replacing {4>k} by a subsequence, there is a nonempty open 
subset U C X such that 

e su Px fc f e -^ dflg < o(l), ask -4oo. 
Ju 

Replace the each <pk by <fik — sup x 4>k- Then S = {(l>k}kLi is a sequence of G- 
invariant functions which satisfy the following properties which will be crucial for 
the next section. 

PI. There exists a Kahler-metric g with Kahler form uj G c\(X) such that 

uj + ^dd(j) k > for all k > 0. 
P2. sup x 4> k = for all k > 0. 

P3. For every 7 G 1) we have J x e~ 1< ^ k d^ g — > 00 as fc — > 00. 

P4. There exists a nonempty open subset U C X such that e~^ k d[i g < 0(1) 
as /c — ► 00 . 
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3.2. Multiplier ideal sheaves. Suppose S is a sequence of functions satisfying 
P1-P4. In this section we will show how to associate to S a coherent algebraic 
sheaf of ideals J'(X^S), the multiplier ideal sheaf. The material in this section is 
due to A. Nadel |541 155|. One can work instead with coherent analytic sheaves, 
but the ideal sheaf one obtains is equivalent. We will need the following version of 
Hormander's L 2 -estimate for 8 which follows from from the Weitzenbock formula 
for the 9-Laplacian Ag = 88* + 8*8 acting on A p ' q (X, L), the smooth (p, (7)-forms 
with values in L. Let X be any compact Kahler orbifold with Kahler form u>, L 
a hermitian holomorphic line F-bundle on X, and / <E C°° . Denote by the 
curvature of L. 

Proposition 3.10. Suppose that 

(3.11) — <9<9/ + Ricci(w) + — > euj, 

for some e > 0. Let a be a smooth (0,p)-form with q > and values in L such that 
da = 0. Then there exists an Jj-valued (0,p — l)-form r\ on X such that 

1. drj = a, 

2. J x \r,\ 2 e-fd N <^J x \a\ 2 e-fdfi g . 

Furthermore, if G acts holomorphic and isometrically on {X, g) and L, and also f 
and a are G-invariant, then we may take n to be G-invariant. 

Proof. Replacing the hermitian metric h on L by e~$h reduces the proposition to 
the case / = 0. Let G p ' 9 be the Green's operator of A|' 9 acting on A p > q (X,L). By 
the Weitzenbock formula for A°' 9 (cf. [TOj p. 52) and ljXTT|l we have 

for all a G A >*(X,V). This implies that 

(G°'V,<7) < -Jaf 

for all a £ A 0,q (X, L). Let a be as in the proposition and define r\ = 8*G°' q a. Then 
we have 8r) = 88*G°> q a = G t) > q 88*a = G°^A°'V = a. And we have 

hll 2 = (8*G°- q a,n) = (G°' q cr, Brj) = (G°' q a,a) < -\\af. 

Finally, if G is as in the proposition, then Ag and G°' q will be G-invariant. □ 

Definition 3.11. Let {o~k\^ = i C C°°{X, L) be a sequence of sections of a smooth 
vector bundle. We say that {o~k} is S'-bounded if there exists 076 (^xj 5 1) so that 

(3.12) / |cr fc |e^ fc d^ < O(l) as k -> 00. 

We say that {o~k} is S'-null if there exists 076 1) so that 

(3.13) / {o-kle-^dn -► as k 00. 

Jx 

For this definition the choice to the volume form d/i and the metric on L is 
irrelevant. 
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Proposition 3.12. Suppose {(Jfc} and {o~' k } are sequences of smooth sections of 
smooth vector bundle. If the sequences {o~k} and {o~' k } are S-bounded (resp. S- 
null), then so is the sequence {o~k + o~' k }. 

Proof. Because of P2, if (jXT2jl fresp. (333) ) holds for 7 G 1) then it holds 

for any smaller 7. So we may suppose both sequences satisfy 2^i (iesv. 
for the same 7. Then the proposition follows from the inequality | crfc + a' k \ 2 < 



2|a fe | 2 +2|a'| 2 . □ 



Definition 3.13. Suppose E is a holomorphic vector bundle on X. We define 
H°(X, E)s be the set of all t G H°(X, E) such that there is an S-bounded sequence 
{crfc} C H (X, E) converging uniformly to t. We call H°(X, E)s t/ie space of 
sections vanishing along S 1 in the scheme-theoretic sense. 

The following proposition is an easy consequence of proposition (|3.12|) . 

Proposition 3.14. Suppose E and F are are holomorphic vector bundles on X. 
Then H°(X, E) s is a complex vector subspace ofH°(X, E). Also, for a E H°(X, E)s 
and t G H°\x, F), we have a <g> r G E ® F) 5 . 

Let L be an ample line bundle on X and consider the homogeneous coordinate 
ring 

00 

(3.14) R(X,L) = ($H (X,O(L»)) 

of X relative to L. We can define the homogeneous ideal of I(X, L, S) of R(X, L) 
as 

00 

(3.15) I(X,L,S)=®H°(X,0(L»)) s . 

We now define the coherent sheaf of ideals J(X, L, S) depending on L and S which 
is associated to the homogeneous ideal I(X, L, S) C R(X, L). Given a Zariski open 
set U C X and a regular function / G T(U, Ox)- We have 

f eT(U,J(X,L,Sj), 

if and only if for every p G J7 there exists a global section er G (X, O (L^ ) ) for some 
v > which does not vanish at p, and fa € H°(X, C(L iy ))s. Since the homogeneous 
ring L) is Noetherian, the ideal I(X, L, S) is finitely generated. Thus the sheaf 
J{X, L, S) is a locally finitely generated Ox-module, hence is coherent. 
We show next that J(X, L, S) is independent of the ample line bundle L. 

Proposition 3.15. Suppose L and E are ample line bundles on X. Then 
J(X, h,S) = J(X, E, S) . 

Proof. It is sufficient to show J(X, L, S) C J(X, E, S). Let U C X be a nonempty 
Zariski open set, and let / € T([/, ^/(X, L, S)). Given p £ U there exists a section 
cr G J ff°(X,0(L I/ )) for some v > such that cr(p) 7^ and fa G C(L ,y )) s . 
Now there exist an integer /i sufficiently large such that there is a section p G 
H Q (X,0(l,- y <g> E M )) such that p[p) ^ 0. This follows from the Kodaira-Baily 
embedding theorem [B]. Then crp G H°(X, C(E M )) does not vanish at p. And 
Jcrp G H°{X, 0(E»)) S by proposition JTTH . □ 
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Definition 3.16. We define J(X,S) :— J'(X,h, S), for any ample L. This is 
independent of L by the proposition. 

In order for J(X, S) to be useful some further properties must be determined. 
For example we show that J(X, S) C Ox is a proper subsheaf of ideals. This is 
the aim of the rest of this section. 

Let V(X, S) be the, possibly non-reduced, subscheme cut out by the coherent 
sheaf J(X, S). 

Proposition 3.17. The set V(X, S) is nonempty. 

Proof. Suppose that V(X, S) is empty. Let p £ X be a arbitrary point. There exits 
a v > and r e H°(X, 0(L V )) S such that r(p) ^ 0. We may assume r(p) = 1. 
There exists an iS-bounded sequence {rj.} C H°(X, 0(JS)) converging uniformly 
to t. There exists an open neighborhood W, in the classical topology, of p so that 
||T"fc|| > \ for large enough k. Then 

(3.16) ( e-^d^g < 0(1) as fc ^ oo, 

Jw 

for some 7 £ (^j-j-,1). By the compactness of X, there exists a finite collection 
Wi,...,W m covering X for which (|3.16l) holds for 71,..., j m . Let 
7 = min{7i, . . . , 7 m }. Then we have 

/ e-^dfig < 0(1) as k -» 00, 

which contradicts P3. □ 

In order to guarantee that Sf{X 1 S) is nonzero we must consider what happens 
when we pass to a subsequence S' C S. For any subsequence S' of S we have 
S) C S"). We replace 5 by a subsequence to make J7"(X, S 1 ) as large as 

possible. 

Proposition 3.18. Suppose X is a projective variety and ^ is a nonempty col- 
lection of coherent sheaves of ideals partially ordered by inclusion. Then has a 
maximal element. 

Proof. Take an embedding of X into CP N . Let R denote the homogeneous coor- 
dinate ring of CP N . Let I C R be the homo geneous ideal of X. Each coherent 
sheaf J on X corresponds uniquely a homogeneous ideal J C R, and the corre- 
spondence J — * J is one-to-one (cf. |2H] ex. 5.10) and order preserving. If is the 
collection of homogeneous ideal in R corresponding to coherent sheaves in then 
c £' possesses a maximal element because R is Noertherian. Thus ^ has a maximal 
element. □ 

Apply the proposition to the set of ideals J~(X, S') where S' is any subsequence of 
S. We get a subsequence S' of S so that J(X, S") — J(X, S 1 ) for all subsequences 
S" of S 1 . Replace S with S', then we have the further property. 

P5. For every subsequence S' of S we have J(X, S') = J(X, S) 
We finally have a complete definition. 

Definition 3.19. Suppose X is a Fano orbifold. A multiplier ideal sheaf on X is 
a pair (S, tJ(X, S)) consisting of a sequence S satisfying P1-P5 and the coherent 
sheaf of ideals J(X, S). A multiplier ideal subscheme of X is a pair (S, V(X, S)) 
consisting of a sequence S satisfying P1-P5 and the subscheme V(X, S) C X. 

24 



We are now able to prove the second half of the properness of J{X, S). 

Proposition 3.20. Suppose that L is an ample line bundle on X. Then there 
exists an integer v > and a subsequence S' of S such that H°(X, 0(\S))s' is 
nonzero. 

Proof. Let U C X be a nonempty subset which satisfies P4. And let (zi, . . . , z n ) 
be holomorphic coordinates centered at p £ U. Let p e C%°(U) be a compactly 
supported function such that p — 1 on a neighborhood U' 3 p. Now define for each 
positive integer k tpk £ C°°(X) as 



ip k = nplog (Jzi| 2 + ■ • ■ \z n \ 2 + - 

We will use the fact that e~^ k converges monotonically on U' as fc — > oo to (|zi| 2 + 
• • • + l z ri| 2 ) _n which is not integrable at p. Let w be a Kahler form as in PI. And 
fix a metric on L with positive curvature, i.e. ^T© > 0. There exists a constant 
Ci > so that 

(3.17) ^ddipk + C\lu > 

for all fc > 0. The number C\ exists because tp^ is plurisubharmonic on U', and 

{V'fc} converges to nplogdz^ 2 H h |z„| 2 ) in the C°° norm on X \ U' . By (|3~T7|) 

and PI we may choose an integer v > large enough that 

(3.18) 7T d d(<t>k + Vfc) + Ricci(w) + i/^-0 > w, 

Z7T Z7T 

for all fc > 0. Let r e H°(X, 0{L U )) be nonzero at p. By proposition l|3.10|l and 
the above inequality, we obtain for each k > a smooth section rfc £ C°°(A, L") 
such that Btu = B(pr) and 

(3.19) f \r k \ 2 e-^-^dpi g < f \B{pr)\ 2 e-^-^d N . 
Jx Jx 

Since B(pr) vanishes on U', there exist a constant C2 > so that 

|9(pr)| 2 e-^ <C 2XC / 

for all fc > 0, where xu is the characteristic function of U. Therefore the righthand 
side of l|3.19|l is bounded by 

C 2 f e-+>dn g) 
Ju 

which is bounded by P4 as fc — > 00. Thus we have 

(3.20) f Irkfe-^^dfig < 0(1) as fc 00. 
Jx 

Consider the sequence {o- k } where a k = Tk — pr G H°(X, 0(L")). And we have 

f \<r k \ 2 e-'t"'dfi g < 2 / \r k \ 2 e-^dp g + 2 ( \pr\ 2 e-^dp g 
Jx Jx Jx 

(3 ' 21) < O (Y \T k \ 2 e-^-^dp g + J^e-^dp g ^ 

<o(i) 
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The second inequality follows because ipk is bounded from above uniformly as k — > 
oo and pr is supported in U . Since (j>k < by P2 

(3.22) / \(J k \ 2 dp g < 0(1) as k -> oo. 

Since {crfe} is a bounded sequence in the finite dimensional vector space H°(X, CJ(L")), 
there is a subsequence {o-kj} converging uniformly to a G H°(X, 0(JS)). So 
<7 G H°(X, (D(L"))s, where S" is the subsequence {0?^} of S 1 . We claim that 
°~{p) 7^ 0- Otherwise, pr + er is nonzero at p. Since converges uniformly to 
pr + a, there is a C3 > and a neighborhood of p so that 

(3.23) |r fcj | 2 > C 3 on W 
for all large j. We have 

f e^"i dfi g < O ( [ e'^-^dfig) by P2, 

< 0(1) as j ^ 00 by |3~2H|l 

But we know that e~^ k converges monotonically to a non-integrable function. □ 

Corollary 3.21. The coherent sheaf 3{X, S) is not identically zero, and V(X,S) 
is not all of X . 

Proof. Let a G H°(X, 0{L U )) S > be not identically zero. Since V(X, S') = V(X, S), 
it is easy to see that a vanishes along V(X, S) in the scheme theoretic sense defining 
nonzero sections in J(X, S). □ 

The group of symmetries G C Aut(X) of (X, g) will play a crucial role in our 
applications. 

Proposition 3.22. Suppose every every element in the sequence S is G-invariant. 
Then the coherent sheaf J(X, S) is G-invariant. Thus both 3{X, S) and V(X, S) 
are Gc-invariant, where Gc is the complexification of G. 

Proof. Take L = K^ m , where m is taken to be a multiple of Ord(X), so L is 
an ample line bundle. And G lifts to an action on L. It follows that G acts on 
H°(X, 0(L U )) for each v > and the subspace H°(X, 0{L U )) S is invariant. So the 
sheaf of ideals J(X, S) = J(X, L, S) is G-invariant. □ 

So as to simplify notation, in what follows we denote J = J{X, S) and V = 
V(X, S). We have the vanishing theorem of A. Nadel |55| . 

Theorem 3.23. H k (X, J)=0fork> 1. 

The proof for the case of a Fano orbifold X goes through verbatim as the smooth 
case in j^S] - The proof makes use of the fact that X is covered by affine Zariski 
open sets Ui, . . . , U r and H k (Ui, J) = 0, for k > 0, because J is coherent. One 
then uses Leray's theorem and the Weitzenbock formula, proposition (|3.1UI) . 

Corollary 3.24. H k (V, O v ) = for k > 1, and H°(V, O v ) = C. 
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Proof. The proof follows from the exact sequence of coherent sheaves 

-> J -» Ox -» Oy -> 0. 

By Kodaira vanishing we have H k (X,Ox) = for fc > 0. Also, note that 
H°(X, J) — 0. Now take the long exact cohomology sequence. □ 

3.3. Kahler-Einstein metrics on symmetric toric Fano surfaces. For our 

applications X is 2-dimensional, so the irreducible components of the subscheme 
V(X, S) can be or 1-dimensional. Also from corollary 13.24fl it is clear that 
V(X, S) is connected. We consider the case in which V = V(X, S) is a 1-dimensional 
subscheme. Let V re d be the reduced scheme associated to V. 

Theorem 3.25. Suppose V is a I -dimensional multiplier ideal subscheme of X. 
Then every irreducible component ofV re d is isomorphic to CP 1 , any two irreducible 
components meet at at most one point, and V re d does not contain a cycle. 

In other words, V re d is a tree of CP^s. We first prove a series of lemmas. 

Lemma 3.26. Suppose V is a 1-dimensional projective scheme with H (V, O) = 0, 
thenH 1 (V red ,O Vred )=0. 

Proof. We have the exact sequence of coherent sheaves on V: 

o -> n -> o v -» o VrBd -> o, 

where TZ is the sheaf of nil-radicals of Oy. The lemma follows from the cohomology 
exact sequence: 

H\V,O v ) -» H l {V red ,0 Vr J - H 2 (V,K) = 0, 
where the last group is zero because dim V = 1 . □ 

In the following W will denote a reduced complex scheme of pure dimension 
one. Consider a morphism tt : W — > W of reduced schemes of pure dimension one 
which is finite, surjective, and the cokernel of Ow n *@w nas zero-dimensional 
support. We call such a map a partial normalization. 

Lemma 3.27. Suppose H 1 (W, Ow) = and ir : W — > W is a partial normaliza- 
tion. Then H^W^w) = 0. 

Proof. We have the exact sequence of coherent sheaves on W 

0^O w ^ ir*O w -» C -> 0, 

where the sheaf C has zero dimensional support, i.e. is a skyscraper sheaf. The 
long exact cohomology sequence gives P^ 1 (W / , O w ) = 0. □ 

The following part of the cohomology sequence will be useful: 

0^ H°(W,O w ) -> H°(W,O w ) -> H°(W,£) -> 0. 

Thus 
(3.24) 

^{connected components of W} = ^{connected components of W} + h°(W, C). 

Lemma 3.28. IfW is irreducible and ^(W^Ow) = 0, then W ^ CP 1 . 

Proof. Let tt : W — > be the normalization of Then (|3.24(l gives 1 = 
1 + H°(W,C). So C — and 7r is an isomorphism. Thus VT is nonsingular and 
ff^W, Ow) = by the last lemma. □ 
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Lemma 3.29. Suppose H l {W, Ow) = and W C W is a nonempty collection of 
irreducible components ofW. Then we have H 1 (W' ,Oy/>) = 0. 

Proof. Let W" be the irreducible components not contained in W' . So W — W U 
W". And let tt : W U W" -> W be the partial normalization, where W U W" is 
the disjoint union. Then the lemma follows from lemma lj3~2"?j) . □ 

Lemma 3.30. Suppose H 1 (W,Ow) — 0. The number of singular points of W is 
strictly less that the number of irreducible components of W . So W cannot be a 
cycle of CP 1 's. 

Proof. Let tt : W — > W be a desingularization. Then we have from (|3.24() 

h (W,C) < ^{connected components of W} 
= ^{irreducible components of W} 

We also have ^{singular points of W} < h°(W, £,). □ 

Proof, (of theorem) Since H l (V,O v ) = 0, we have H*jy red , Oy rBd ) = 0. Every 
component of V re d is isomorphic to CP 1 by lemma (|3.28|l . Every two irreducible 
components meet at at most one point and V re d does not contain a cycle by lemmas 
(|T2"3f and □ 

For remainder of this section X will be a symmetric toric Fano surface. So 
X is represented by a complete fan A in Z x Z and a convex polygon A*. Let 
G C Af(Tc) be the compact subgroup generated by T 2 and Wo(X) as in section 
©• And we may consider Wq{X) to be the subgroup of GL(2,Z) which preserves 
A*. By hypothesis the only fixed point of the action of Wq(X) on Z x Z is the 
origin. 

Theorem 3.31. Let X be a symmetric toric Fano surface. Then X admits a 
Kahler- Einstein metric invariant under G. 

Proof. Suppose that X does not admit a Kahler-Einstein metric. Then there is a 
multiplier ideal sheaf J{X, S) with multiplier ideal subscheme V = V(X, S), both 
invariant under Gc, the complexification of G. Note that T^ C Gc- If V is zero 
dimensional, then V re d consists of a single point. But there are no fixed points of 
Gc- Suppose V is one dimensional. Then V rec i consists of a non-cyclic connected 
chain of anti-canonical curves. If V re d consists of an odd number of curves then Gc 
fixes a curve. And if it consists of an even number then Gc fixes a point. Either 
case is a contradiction. □ 



4. Sasakian-Einstein manifolds 

We define the notion of Sasakian and in particular Sasakian-Einstein manifolds. 
Under relatively weak assumptions a Sasakian manifold is a Seifert S^-bundle with 
additional structure over a Hodge Kahler orbifold. We use an inversion construction 
which goes back to Kobayashi and Hatakeyama [HHI to construct 5-dimensional 
Sasakian-Einstein orbifolds and manifolds from the Kahler-Einstein orbifold sur- 
faces of section 03 
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4.1. Fundamentals of Sasakian geometry. 

Definition 4.1. Let (M, g) be a Riemannian manifold of dimension n — 2m + 1, V 
the Levi-Civita connection, and R(X,Y) £ End(TM) The Riemannian curvature. 
Then (M, g) is Sasakian if either of the following equivalent conditions hold: 

(i) There exists a unit length Killing vector field £ on M so that the (1,1) tensor 
<&(X) = Vx£ satisfies the condition 

(y x *)(Y)=g(Z,Y)X-g(X,Y)Z 

for vector fields X and Y on M . 

(ii) There exists a unit length Killing vector field £ on M so that the Riemann 
curvature tensor satisfies 

R(X,$Y = g(£,Y)X - g(X,Y){ 

for vector fields X and Y on M . 

We say that the triple $} defines a Sasakian structure on M. Define 77 

to be the one form dual to £, i.e. r}(X) = g(X,£). Let N&(X,Y) = $[X,$Y] + 
- $y] - $ 2 [X, Y] be the Nijenhuis tensor of <&. The following are 
easy consequences of definition l|4.1|) . 

Proposition 4.2. The elements of a Sasakian structure satisfy the equations 

i. $(0 = o, v (Mx)) = o, 

ii. ^(X) = -X + V (X)t 

iii. g(*X, Y) + g(X, QY) = 0, g(?X, 9Y) = g(X, Y) - n{X) V {Y), 

iv. dr](X,Y) =g($X,Y), N*(X,Y) = 2dr)(X,Y) ® f. 

Easy calculation shows that 77 is a contact form with Reeb vector field £, and 
$ defines a CR-structure on the orthogonal compliment to the subbundle of TM 
defined by £. Sometimes one denotes a Sasakian manifold by (M, g, £, $) to be 
more explicit. 

Proposition 4.3. Suppose (M,g) has a unit length Killing vector field £, so that 
the (1, 1) tensor $(X) = V x £ satisfies $ 2 {X) = -X + T)(X)£. If the CR-structure 
satisfies N$(X, Y) — 2dr)(X, Y) £g> then {g, £, $} is a Sasakian structure. 

Proof. First note that by the hypothesis all the properties in proposition l|4.2[) are 
satisfied. Easy computation shows that 

(4.1) N$(X, Y) = -(V<&x$)(Y) + (V<&y$)(X) + $ o V x $(y) - $ o Vy$(X). 
Differentiating the equation $ 2 (X) = —X + r?(X)£ gives 

(4.2) $ o V X $(F) = -V x $ o (F) + g($X, Y)£ + rj[Y)$(X). 
Applying this to the last two terms of (|4.1() gives 

(4.3) g(N*(X, Y), Z) = [-g(\7 x 3>($Y), Z) + 5 (V$y$(X), Z)\ + g{<PX, Y)r,(Z) 

+ g($X, Z) V (Y) [-ff(V«x$(Y), Z) + 5 (Vy$($X), Z)\ 

— 9(®Y, X)rj(Z) — g(<f>Y, Z)rj(X). 

Since drj is closed we have 

g(yu*(V), W) + ff(Vv*(W), U) + g(VwMU),V) = 0. 
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Thus 

(4.4) g(N 9 (X, Y),Z) = g(V z $(X),$Y) + g(V z ^X),Y) 

+ g(*X, Y) V (Z) + g($X, Z) V (Y) - g($Y, X) V (Z) - g(?Y, Z) V (X) 

Applying equation (|4.2|l to the second term on the right of the equality gives 

(4.5) g(N 9 (X, Y), Z) = 2g(V z $(X), $Y) - 2g($Y, Z)r,(X) + 2g(<i>X, Y)r,{Z) 
By assumption, we have 

g(N*(X,Y),Z) = 2g(<l>X,Y)r 1 (Z). 

Thus 

(4.6) g(V z $(X), $y) - g(<t>Y, Z)r,(X). 
Using <P 2 (X) = -X + ri(X)£, we have 

g{V z ${X),Y) = g(V z ^(X),Ov(Y) + g(Y, Z) V (X) - r)(Y) V (X) V (Z) 
= -g($X, $Z)r,{Y) + g(Y, Z)r,{X) - r 7 (y) )7 (X) ?7 (Z) 
= -g(X,Z)r,(Y)+g(Y,Z)r,(X) 

which gives the formula in part i. of definition (|4.1|) . □ 

The following can be taken as a definition of a Sasakian manifold. It shows 
that Sasakian manifolds are the odd dimensional versions of Kahler manifolds in 
the sense that contact manifolds are the odd dimensional versions of symplectic 
manifolds. The metric cone of a Riemannian manifold (M, g) is the manifold 
C{M) = R+ x M with the cone metric g = dr 2 + r 2 g. 

Proposition 4.4. Let (M,g) be a Riemannian manifold of dimension n = 2m + 1. 
Then (M 7 g) is Sasakian if, and only if the holonomy of the metric cone (C(M),g) 
is a subgroup ofU(m+ 1). In other words, (C(M),g) is Kahler. 

We see from definition H4.1f) that Ric(X, £) = 2mq{X). Thus if (M, g) is Einstein, 
then the scalar curvature of g is s = 2m(2m +1). 

Definition 4.5. A Sasakian manifold (orbifold) (M,g) is Sasakian-Einstein if 
the Riemannian metric g is Einstein, in which case, the scalar curvature is s = 
2m(2m+ 1). 

Direct calculation shows the following. 

Proposition 4.6. A Sasakian manifold (orbifold) (M,g) is Sasakian-Einstein if, 
and only if, (C(M),g) is Ricci flat. That is, {C{M),g) is Calabi-Yau which is 
equivalent to the restricted holonomy Holo(g) C SU(m + 1). 

By Meyer's theorem if (M,g) is Sasakian-Einstein then tti(M) is finite and 
diam(Af) < 7r. Furthermore, we have 

Proposition 4.7. If {M,g) is a simply connected Sasakian-Einstein manifold then 
M is spin. 

Proof. The frame bundle of (C(M),g) reduces to SU(m + 1). It follows that the 
frame bundle of M reduces to SU(m) x 1. □ 
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Let T be the 1-dimensional foliation denned by £. The foliation T is quasi-regular 
is every p S M has cubical neighbor such that every leaf C intersects a transversal 
slice through p at most a finite number of times N(p). This is equivalent to all the 
leafs of T being compact. We call M regular if N(p) = 1 for all p E M. In this 
case M is an S 1 fibre bundle. In the quasi-regular case £ generates a locally free 
circle action, and the space of leaves Z is an orbifold. The projection tt : M — > Z 
is a Seifert fibration. 

Theorem 4.8. Let (M,g) be a compact quasi-regular Sasakian manifold of dimen- 
sion 2m + 1 , and let Z be the space of leaves of the foliation T then 

i. The leaf space Z is a compact complex orbifold with Kahler metric h and 
Kahler form to such that tt : (M,g) — ► (Z,h) is an orbifold Riemannian 
submersion, and a multiple of [u>] is in H^ rh {Z, Z). 

ii. Z is a normal ^-factorial algebraic variety. 

iii. (Z,h) has positive Ricci curvature if and only if Ric g > —2. In this case 
tt\{Z) = e, and Z is uniruled with Kodaira dimension k(Z) — — oo. 

iv. (M, g) is Sasakian- Einstein if and only if [Z, h) is Kahler- Einstein with 
scalar curvature Am{m + 1). 

See Jj3 E] for more details. We want to invert theorem Q4.8[l . First a couple 
definitions. 

Definition 4.9. A Kahler orbifold {Z,uj) is Hodge if [lo] G H^ rb (Z,Z). 

Recall the definition l|2.29|l in section [3 of Ind(Z) and that it is the largest 
integer d such that Cl ^ z - is an element of H% rb (Z,Z). If d — Ind(Z), there exists 
a holomorphic line V^-bundle F with F d = K^ 1 - The following is promised inversion 
result. 

Theorem 4.10. Let (Z,h) be a Hodge Kahler orbifold. Then there is an S 1 V- 
bundle tt : M — > Z with first Chern class [u] . Let 8 be the connection 1-form with 
■^d9 = ui, then the 1-form r\ = and the metric g = r\ ® r\ + rr*h define a 

Sasakian structure on M . 

Proof. Let £ be the vector field generated by the S 1 action on M. Then clearly £ 
is a unit length Killing vector field for g. Since we have dr/ — tt*uj, $(X) = Vx£ 
defines a (1,1) tensor which is the lift of the complex structure J on. Z. That is, 
dr)(X,Y) = ir*u(X,Y) = g(<Z>(X),Y). And we have 

^ 2 (X) = -X + r 1 (X)^ 1>(£) = 0, r,mX))=0. 

Let X, Y be vector fields 7r-related to X, Y on Z. Since tt^(X) = Jtt^(X) — JX, 

?r*iV$(X,F) = J[X,JY] + J[JX,Y] - [JX,JY] - J 2 [X,Y] = 0. 

Thus N$(X, Y) is vertical. And 

5(7V$(A, Y), £) = -v([$X, $Y]) = 2dr/($X, $Y) = 2drj(X, Y). 

Thus it follows from proposition (|4.3|l that {g,£, is a Sasakian structure. □ 

Note that we have a 1-parameter family of Sasakian structures {g ai £,a,&a} for 
a G M + , where g a = a 2 n ® 77 + a7r*/i and £ a = i£. 

In general M in the above theorem is an orbifold rather than a smooth manifold. 
We are interested in construction smooth manifolds. Suppose tt : M — > Z is an 
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S 1 ^-bundle over an orbifold Z. For z £ Z, let {<j>, U, T} be a local uniformizing 
neighborhood centered at z € Z. Thus U <Z Z is open and covered by (j> : U — > U, 
where the finite group T fixes z, </>(z) = z, and acts on U with U/T = U. Then 
T acts on U x S 1 by — > (7 _1 5, uh^j)) for 7 S T, where /i a : T — > S 1 is 
a homomorphism. And 7r _1 (£/) is isomorphic to U x S 1 /T. We see that M is a 
manifold if, and only if, h z is an injection for each z. We come to the inversion 
result of main interest. 

Corollary 4.11. Let (Z,h) be a compact Fano orbifold with n° rb (Z) = e. Let 
it : M — * Z be the S 1 V -bundle with first Chern class ^ci(Z), where d — Ind(Z). 
Suppose that the local uniformizing groups inject into S . Then M is a simply 
connected manifold and has a Sasakian structure {g, £, <&} with Ric g > 0. If (Z, h) 
is Kahler- Einstein, then [M, g, £, $) is Sasakian-Einstein. 

Proof. By theorem (I4.10f) there is a family of Sasakian structures {g a ,£,a,&a} on 
M, which is a smooth compact manifold, with g a = o?r\ ® t] + air*h, for a > 0. 
By the solution to the Calabi conjecture O E] we may assume that h is a Kahler 
metric of positive Ricci curvature. The O'Niell tensors T and N vanish, and for 
A we have AxY = —g($> a X,Y)£ and AxS, = $ a X for horizontal vectors X and 
y.(cf. And we have 

(4.7) Ric ga (X,Y) = Ric h (X,Y) - 2g a (X,Y). 

Since Ric ga (X, £) = 2mi](X) and M is compact, we see that for a sufficiently small 
Ric 9a > 0. If (Z, h) is Einstein then 1)4. 7J) shows that there is a unique a > with 
Ric 9a = 2mg a . 

Suppose M is not simply connected, then M has at most a finite cover M by 
Meyer's theorem. Since Tr° rb (Z) — e, ff : M — > Z is an S 1 ^-bundle covering 
7r : M — ► Z which contradicts that the Chern class of 7r : M — * Z is not divisible 
in H 2 orb (Z,Z). □ 

The following will have interesting applications. 

Proposition 4.12. Let (M, g,£, $) &e a simply connected quasi-regular Sasakian- 
Einstein manifold(orbifold) of dimension n = 2m + 1. Then 

Vol(M, fl ) = -^-VolCZ^) = A(^) m+1 Cl(Z) ™ [Z ], 
m+1 m! \m + 1/ 

where h is the Kahler- Einstein metric on Z such that it : M —> Z is a Riemannian 
submersion and d = Ind(Z). 

Proof. Since 7rf & (Z) = e from an exact sequence in appendix IA. 21 M is the total 
space of an S 1 ^-bundle L with c\(L) = 4ci(Z). Recall that Ric h = 2(m + l)h. 

Let rj — -^9 where is the connection induced on L with curvature ( ™ )a>, 
where w is the Kahler form of h. Then it follows from the above arguments that 

g = (^r) 2 r) ® ry + 7r*/i 



is the Sasakian-Einstein metric. Integrating over the fibre gives the result. □ 
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4.2. Construction of toric Sasakian-Einstein 5-manifolds. The results in sec- 
tion 13 and corollary (|4.11|) give a method for constructing toric Sasakian-Einstein 
5-manifolds. We then calculate their homology using know results on Seifert S 1 - 
bundles. We then make use of the classification of simply connected spin 5- 
manifolds of S. Smale to determine the diffeomorphism type of the smooth examples 
M that our method constructs when m(M) = e. 

Theorem 4.13. Let X be a symmetric toric Fano surface. Let n : M — > X be the 
S 1 V -bundle with Chern class ^ci(X), with d — Ind(X). Then M has a Sasakian- 
Einstein structure. Ifir° rb (X) — e, then M is simply connected. 

Proof. This follows from theorem and corollary (|4. 1 1|> □ 

In most of our examples X will be special symmetric, in which case Ind(X) = 1 
or 2 from proposition (|2.30(l . Then the M will be the S 1 V"-bundle associated to 

Kx 1 or K~K 

Proposition 4.14. Let (M, g,£, $) be a simply connected quasi-regular Sasakian- 
Einstein B-manifold(orbifold) with leaf space X a toric orbifold surface. Then 

Vol(M, 5 ) = dg) 3 Vol(£_ fc ), 

where is the polytope associated to X and its anti- canonical support function 
-k. 

Proof. This follows from proposition l|4.12|l and corollary (|2.27|) . □ 

This will be useful for the families of examples constructed in the following 
sections for which d — 1 or 2. 

In general M constructed in this theorem is an orbifold. See the remarks before 
corollary 1)4. for the condition necessary for the smoothness of M. Producing 
smooth examples is not difficult. In section (JSJ we will develop a technique for 
producing infinitely many smooth examples via theorem 14.131 This will give infin- 
itely many examples of Sasakian-Einstein manifolds (M, $) with b2(M) = m 
for every odd m > 3. 

For any orbifold X with local uniformizing systems P;, <f>i}, the order of X is 
the least common multiple of the orders of the uniformizing groups P; and is denoted 
Ord(X). In the case we are considering X is a projective surface with an orbifold 
structure. Let Sx C X be the orbifold singular set of X Let Dj, j — 1, . . . , n be the 
irreducible curves contained in Sx ■ The order of the stablizer group T x for x e Dj 
is constant on an open dense subset. Denote it by rrij. Note that the singular set 
of X as a complex variety has codimension two, i.e. is discreet in this case, and is 
contained in Sx- 

Since the Seifert 5 1 -bundle M — > X is an S 1 P-bundle, it has a Chern class 
Ci{M/X) € H 2 {X,Q). Taking its Ord(X) power we get an S 1 fiber bundle. Thus 
we can take Ord(X)ci(M '/ X) € H 2 (X,Z). Let d be the largest integer such that 
Ord(X)ci(M/X) e H 2 {X,Z) is divisible by d. The following is due to J. Kollar. 

Theorem 4.15 (0H EH)- Let M — > X be an S 1 Seifert bundle with smooth 
total space over a projective orbifold surface. Suppose that Hi(M,Q) = and 
H? rb (X,Z) = 0. Ifr = rankH 2 {X,Q), then the cohomology of M is 
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Z/d Z 



where g(Di) — dim H 1 (Di, Odi) is the genus of D{. 



Note that if X toric, then the curves Dj, j = l,...,n are a subset of the anti- 
canonical divisor, and each has genus zero. 

We make use of the classification, due to S. Smale, of smooth compact simply 
connected 5-manifolds which in addition are spin. Recall that M is spin when 
W2(M) — 0, where W2(M) is the second Stiefcl- Whitney class of M. 

Theorem 4.16 ( 63 ). There is a one-to-one correspondence between compact 
smooth simply connected spin 5-manifolds M and finitely generated abelian groups. 
The correspondence is given as follows. 

i. For any such M , H2{M, Z) = Z m © T © T, where T is torsion. 

ii. For any finite abelian group T and m > there is a unique M with 
H 2 (M, Z) Z m ©TffiT. 

In particular, if H 2 (M, Z) = Z m then M #m(S 2 xS 3 ). We have the following 

diff 

restriction on M. 

Corollary 4.17. Suppose the Sasakian-Einstein space in theorem 14.13]/ is smooth 
and simply connected. Then 

M = #m(S 2 x S 3 ), 

diff 

where m = b% (X) — 1. 

4.3. Some classification results. We consider the problem of which smooth 5- 
manifolds M admit toric Sasakian-Einstein structures. Of course, we have the well 
known properties discussed above. We must have ni{M) finite, and the universal 
cover M is spin. We have the following partial converse to the result of the previous 
subsection. 

Theorem 4.18. Let M be a simply connected toric Sasakian-Einstein 5-manifold 
which is quasi-regular. Then the leaf space Z of T is a toric variety and M = 

diff 

#m(S' 2 x S 3 ), for some m. Furthermore, the Sasakian-Einstein structure (M, g, £, $) 
is non-deformable as a Sasakian-Einstein manifold fixing the foliation T determined 

The condition that T is preserved in the last statement can probably be removed. 
It is sufficient to assume that quasi-regularity is preserved. 

Proof. We have T 2 acting on M a Sasakian isometries. By theorem (|4.8|l (Z, h) is 
a normal orbifold surface with a positive scalar curvature Kahler-Einstein metric h. 
Thus K 2 ' > 0. And for some n > 0, K^™ is very ample. Thus A| K -»| : Z -> P(W*), 

where W — H (Z,O(K^ n )), is an embedding. Since T 2 acts holomophically on Z, 
it complexifies to an action of T 2 = C* x C*. Furthermore, acts on W*. Thus 
the action of T 2 is the restriction of that on P(W*) to Z C P(W*). The action 
of the torus on W* is completely reducible. Let M be the group of characters of 
T 2 . Then W* = e m£M ff ra , where W rn = {w e W* : tw = m{t)w for all t € T 2 }. 
Thus T 2 acts algebraically on Z. There exists a 2-dimensional orbit P C Z which 
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must be dense. It is easy to see that the stablizer of z S P is a finite subgroup of 
T 2 C Tp. Thus P ^ Tl. And it follows that Z is a toric variety. (See |E3) 
We have the exact sequence [37] 

> miS 1 ) -> 7Tl(M) -> 7r° rb (Z) e. 

Thus tt^Z) = e. And corollary (|4~T7I) det ermines the diffeotype. 

Suppose {gt, rjt, $t} is a 1-paramctcr family of Sasakian-Einstcin structure. Then 
we have a family (Z t , h t ) of Kahler-Einstein structures, i.e. each Z t carries a com- 
plex structure an Kahler-Einstein metric on the same underlying orbifold. Let 
D = be the anti-canonical divisor of Z. Let VI z and fi 1 (logD) denote 

respectively the orbifold sheaves of differential forms and differential forms with 
logarithmic poles along D = J^-Dj. That is, they are the quotients of the cor- 
responding sheaves on uniformizing neighborhoods. Note that they are coherent 
analytic sheaves. Then 

d 

(4.8) 0^fl z -^tl z {\ogD)^($0 Di -0 

i=l 

and 

(4.9) Q} z {\ogD)^O z ®O z . 

See [37|E3 for a proof. By Serre duality H 1 (Z,Q Z ) ^ H 1 (Z,n 1 (K z )). Tensor 
(|4.8|l with (9 (Kg) and take the long exact cohomology sequence 

■ ■ • -> H°(D h Di (K z )) - H\Z, ^(Kz)) - /^(Z, 0(K Z ))® 2 ->■•.. 

Since K z < 0, Kodair a vanishing shows that H°(D h Di (Kz)) = H X (Z, 0(K Z )) = 

0, thus H 1 (Z,Q, 1 (K Z )) = 0. Also H 2 {Z,Q Z ) = H°(Z,n 1 (K z )) = 0. Thus for 
small t the Z t are biholomorphic to Zq. 

By the work of S. Bando and T. Mabuchi [7J the Kahler-Einstein metric h t is 
unique up to the action of Aut(Zj) , the connected component of the identity in 
Aut(Z t ). Thus there exists a family <fi t S Aut(Z f )o = Aut(Zo)o with <p*ht = ho. □ 

Proposition 4.19. Let (M, <7,£, $) be a quasi-regular toric Sasakian-Einstein 5- 
manifold with m(M) = e and H2(M,Q) — 0. Then M = S* 5 and {g, £,<£>} ?s the 

diff 

standard round Sasakian structure. 

Proof. Since W2(M) = and M is simply connected, by corollary l|4.17|l we have 
M = 5 5 . Also the space of leaves Z of the foliation T has -Kl rh (Z) = eando2(Z) = 

diff 

1. And the toric orbifold Z is characterized by three vectors {di, 02, 03} C Z x Z, 
and has cyclic orbifold uniformizing groups. Furthermore, from theorem IA.8I we 
have 

(4.10) ► K° 2 rh {W) -> Z 2 /Z{ai, 0-2, cr 3 } -> tt^Z) -► 7rf*(W) e, 

where = Z/T 2 is an orbifold with boundary. In our case is homcomorphic 
to a disk, so Z{<7i, (T2, 03} = Z x Z. Consider the sublattice Zjui,^} C Z x Z. 
We have Z x Z/Z{<7 1; <72} — Z p . Thus pa 3 — —a\ai — aiO~i with a\,a2 posi- 
tive. If t 3 = M>oCi +K>o (J 2 I then let U T3 C Z be the the corresponding affinc 
neighborhood. We have the uniformizing system C 2 — > U T3 with group Z p act- 
ing by (zi,z 2 ) -» (e a * i ^ fc « 1 ,e 2,ri ^*2;2), for fc = 0,1,..., P - 1. Set a 3 = p. 
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Then repeating the same argument gives affine neighborhoods U Tl , U T2 with uni- 
formizing groups Z Ql and Z a2 , where U T1 is the quotient of C 2 by the action 

(zx, Z2) — > (e 2Trl "i" fc zi, e 27rl "i" fe Z2), for fc = 0,1,..., ax, and mutatis mutandis for 
J7 T2 . We see that Z = CP„ t oa „ , the weighted projective plane with the standard 
orbifold structure. Then the proposition follows from the next proposition. □ 



We are considering the weighted projective space CP™ a with the following 
orbifold structure. For i 6 {0,1,..., n}, consider the map fa : C™ — * CP™ a ^ 
given by fa(zx, ■ ■ ■ , z n ) = [zx : ■ ■ ■ : z t : 1 : z i+ x ■■■■■ ■ z n ]. Then the {fa, = Z Qi } 
are a system of uniformizing neighborhoods. Note that as analytic spaces or toric 
varieties we have CP™ = CP"/Z ao x • • • x Z an . But they are not isometric 
orbifolds. For one thing 6 (CP™ i ... (0n ) = e and 7rf rfa (CP"/Z ao x •■■ x Z a J = 
^a x • ■ ■ x Z a?i . The existence of metrics with certain properties depends strongly 
on the orbifold structure. 

Proposition 4.20. The only weighted projective plane admitting a Kdhler- Einstein 
metric is CPf 1 x = CP 2 , and in this case it is up to isometry and homothety the 
Fubini-Study metric. 

Proof. Consider the canonical F-bundle K of CP™ am . Denote by 7 the action 
of C* on C m+1 , r y(w)(z , . . . ,z m ) = (w a "z , . . . ,w am z m ). The meromorphic m + 1- 
form = — A • ■ • A is invariant under this action. Let Y be the vector field 

~ V — „, I 

dz< 



generated by 7, Y = 7*(J|)- Then u — Y^fl is a meromorphic section of K. Wc 
have Y = 'ST'-ndkZkSr, and 



t a 1 1 \ 1 1 \ k dzo dzk A dz m 
(4.11) w = m(-l) as A •••A A •••A . 

k g ZQ Zfc z m 

Note that we are considering the l/-manifold canonical bundle. As an algebraic 
variety the canonical sheaf and divisors on CP™ am are in general different. 
Consider the F-manifold map -0 : CP™ — > CP™ Qm with Vd^o, ■ ■ ■ , z m \) — 
[zq°, . . . , z° m ]. Then is the line bundle on CP™ associated to the divisor 

—ooHq — a\Hi — ■ ■ ■ — a m H m , where is the hyperplane Zk = 0, which is linearly 
equivalent to — (a + ■ • • + a m )H. 

Suppose m = 2, and X = CP 2 a2 . We have 

^*ci(A) 2 [CP 2 ] = V*ci(if) 2 [CP 2 ] = (oo + ax + a 2 f. 

Thus we have ci(X) 2 [X] = ^"n"^"^ ■ Note that here, and in the following, we 
are using V-bundle characteristic classes which can be computed via Chern-Weil 
forms, (cf. 

For any compact smooth orbifold X we define the orbifold Euler characteristic 
Xorb(X) = e(X)[X], where e(X) is the Euler class of X. And define the orbifold 
signature to be r or j,(X) = ipi(A)LY]. On a Kahler orbifold we have (see Besse 10 ) 



(4.12) 



Xorb(X) 



1 

8^ 



x 
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12 



iPol 



where Bq = W is the Bochner curvature and po is the trace-free Ricci form. 
Likewise, we have 



x 



d/i. 



(4-13) r orb (X) = JL 

Combining (|4.12(l and l|4.13j) we get 

(4.14) Xorb (X) - 3r orb (X) = JL | [ 3 |i? | 2 - |p | 2 ] 

Thus if po = we get the orbifold Miyoaka-Yau inequality Xorb > 3r orb . Suppose 
M = CP 2 o ai a2 with a < ai < a 2 and (a , a x , a 2 ) = 1. Then Xor&PO = ^ + ^" + 
i. (see We have 

(4.15) r orb (X) = Uc\ - 2c 2 )[X] = \{c\[X] 2 Xv ) = \ 

3 3 3 aoaia2 

and we have xv = "'"^X^" " 1 - But ^ is eas y to see that ai ° 2 + a ° a2 + a ° fll - 
ap + a\ + a 2 with equality only if ao = a\ = a 2 . So we have a contradiction unless 
a o = a i = a 2 = 1- In this case from 1)4. 14[) we have i?o = 0, and the metric has 
constant holomorphic sectional curvature. □ 

In other words, any toric Sasakian-Einstein rational homology 5-sphere is just a 
quotient of the round metric on S 5 . There are infinitely many quasi-regular toric 
Sasakian structures on S 5 with positive Ricci curvature. The associated Kahler 
orbifolds Z are the weighted projective planes which admit positive Ricci curvature 
Kahler metrics by the solution to the Calabi conjecture, (cf. [7T] or [S]) 

5. 3-Sasakian manifolds 

In this section we define 3-Sasakian manifolds, the closely related quaternionic- 
Kahler spaces, and their twistor spaces. These are sister geometries where one 
is able to pass from one to the other two by considering the appropriate orbifold 
fibration. Given a 3-Sasakian manifold S there is the associated twistor space Z, 
quaternionic-Kahler orbifold M. , and hyperkahler cone C (S) . This is characterized 
by the diamond: 

C{S) 



/ 

s — 



\ 

— z 



\ * / 

M 

The equivalent 3-Sasakian and quaternionic-Kahler reduction procedures provide 
an elementary method for constructing 3-Sasakian and quaternionic-Kahler orb- 
ifolds. This method is effective in producing smooth 3-Sasakian manifolds, though 
the quaternionic-Kahler spaces obtained are rarely smooth. In particular, we are 
interested in toric 3-Sasakian 7-manifolds S and their associated four dimensional 
quaternionic-Kahler orbifolds M.. Here toric means that the structure is preserved 
by an action of the real two torus T 2 . In four dimensions quaternionic-Kahler means 
that M. is Einstein and anti-self-dual, i.e. the self-dual half of the Weyl curvature 
vanishes W+ = 0. These examples are well known and they are all obtained by 
reduction, (cf. IS] and [22]) In this case we will associate two more Einstein spaces 
to the four Einstein spaces in the diamond. To each diamond of a toric 3-Sasakian 
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manifold we have a special symmetric toric Fano surface X and a Sasakian-Einstein 
manifold M and the following diagram where the horizontal arrows are inclusions. 



M — • S 
I I 

(5-1) X — Z 

I 

M 

The motivation is twofold. First, it adds two more Einstein spaces to the exam- 
ples on the right considered by C. Boyer, K. Galicki, and others in ^JEj and also 
by D. Calderbank and M. Singer [22]. Second, M is smooth when the 3-Sasakian 
space S is. And the smoothness of S is ensured by a relatively mild condition on the 
moment map. Thus we get infinitely many Sasakian-Einstein manifolds with arbi- 
trarily high second Betti numbers paralleling the 3-Sasakian manifolds constructed 
in Q2]. 

5.1. Definitions and basic properties. 

Definition 5.1. Let (S,g) be a Riemannian manifold of dimension n — Am + 
3. Then S is 3-Sasakian if it admits three Killing vector fields {C 1 ,^ 2 ,^ 3 } each 
satisfying definition I4.1\j such that g(C,£, k ) — $ij an d = 2eyk£ . 

We have a triple of Sasakian structures on S. For i = 1,2,3 we have rf(X) = 
g{C,X) and ¥(X) = Vx£\ We say that {g,C,V\& : i = 1,2,3} defines a 
3-Sasakian structure on S. Each of the three Sasakian structures satisfies the prop- 
erties of proposition (|4.2|) , and the quaternionic nature of a 3-Sasakian structure is 
reflected in the following. 

Proposition 5.2. The tensors = 1,2,3 satisfy the following identities. 

i. = -e ijk e, 

ii. o $J = -e ijk $ k + C <g> r] } - S i3 Id 

Notice that if a = (ai,a 2 ,a 3 ) e S 2 C M 3 then £(a) = ai^ 1 + a 2 ^ 2 + a 3 ^ 3 is 
a Sasakian structure. Thus a 3-Sasakian manifold come equipped with an S 2 of 
complex structure. 

Similar to proposition J22J, the following proposition can be taken as a definition 
of a 3-Sasakian manifold. 

Proposition 5.3. Let (S, g) be a Riemannian manifold of dimension n = Am + 3. 
Then (S,g) is 3-Sasakian if, and only if, the holonomy of the metric cone {C(M),g) 
is a subgroup of Sp(m + 1). In other words, (C{M),g) is hyperkahler. 

Proof, (sketch) Let <f> = r-^ be the Euler vector field on C(M). Then define almost 
complex structures = 1, 2, 3 by 

IiX = &(X) - ?f (A>, and 1^ - f . 

It is straight forward to verify that they satisfy J, o Ij = etjklk — Sijld. And 
from the integrability condition on each <I> 1 in definition (|4.1|l each Ii,i — 1,2,3 is 
parallel. □ 

Since a hyperkahler manifold is Ricci flat, the remarks following proposition 
imply the following. 

38 



Corollary 5.4. A 3-Sasakian manifold (S,g) of dimension n — Am + 3 is Einstein 
with positive scalar curvature s = 2(2m + l)(4m + 3). Furthermore, if (S,g) is 
complete, then it is compact with finite fundamental group. 

The structure group of a 3-Sasakian manifold reduces to Sp{m) x I 3 where I3 is 
the 3x3 identity matrix. Thus we have 

Corollary 5.5. A 3-Sasakian manifold (M,g) is spin. 

Suppose (S, g) is compact. This will be the case in all examples considered here. 
Then the vector fields {C 1 ,^ 2 ,^ 3 } are complete and define a locally free action of 
Sp(l) on (S,g). This defines a foliation Tz, the 3-Sasakian foliation. The generic 
leaf is either SO(3) or Sp(l), and all the leaves are compact. So is quasi- 
regular, and the space of leaves is a compact orbifold, denoted M. The projection 
w : S — ► M exhibits 5 as an SO(3) or Sp(l) V-bundle over M. The leaves of T are 
constant curvature 3-Sasakian 3-manifolds which must be homogeneous spherical 
space forms. Thus a leaf is T\S 3 with T C Sp(l). We say that (S,g) is regular if 
the foliation JF 3 is regular. 

For j3 6 S 2 we also have the characteristic vector field £(/3) with the associated 
1-dimensional foliation Tp C J 7 ^. In this case Tp is automatically quasi-regular. 
Denote the leaf space of Tp as Zp or just Z. Then the natural projection 7r : S — > Z 
is an S 1 Seifcrt fibration. And Z has all the properties of theorem (|4.8|l . 

Fix a Sasakian structure {£} , $ 1 , 77 1 } on S. The horizontal subbundle H = kerrj 1 
to the foliation T of £ x with the almost complex structure / = — < E >1 |w define a CR 
structure on S. The form 77 = rj 2 + irf is of type (1,0) with respect to /. And 
^Iwnker^) £ fl 2 '°(Ttr\ ker(ri)) is nondegenerate as a complex 2-form on HlHker(?7). 
Consider the complex 1-dimensional subspace P C A 1,0 7i spanned by rj. Letting 
exp(ii^ 1 ) denote an element of the circle subgroup U(l) C Sp(l) generated by ^ 
one see that exp(zt^ 1 ) acts on P with character e~ 2lt . Then L = S ~><u(i) P defines 
a holomorphic line V-bundle over Z. And we have a holomorphic section 6 of 
A 1 '°(Z) (g) L such that 

0(A) = V (X), 

where X is the horizontal lift of a vector field X on Z. Let D = ker(0) be the 

complex distribution defined by 8. Then d9\o € r(A 2 £> ® L) is nondegenerate. 

Thus -D = ker(0) is complex contact structure on Z, that is, a maximally non- 

integrable holomorphic subbundle of T 1,0 Z. Also, A (d0) m is a nowhere zero 

1 

section of K2: (8 L m+1 . Thus L = K z m+1 as holomorphic line V-bundles. We have 
the following strengthened version of (|4.8(l for 3-Sasakian manifolds. 

Theorem 5.6. Let (S,g) be a compact 3-Sasakian manifold of dimension n = 
Am + 3, and let Zp be the leaf space of the foliation for (3 G S 2 . Then Zp is 
a compact Q-factorial contact Fano variety with a Kahler- Einstein metric h with 
scalar curvature s = 8(2m + l)(m + 1). The projection tt : S — > Z is an orbifold 
Riemannian submersion with respect to the metrics g on S and h on Z . 

The space Z — Zp is, up to isomorphism of all structures, independent of (3 € S 2 . 
We call Z the twistor space of S. Consider again the natural projection w : S — > M. 
coming from the foliation T^- This factors into 7r : S — > Z and p : Z — » M.. The 
generic fibers of p is a CP 1 and there are possible singular fibers T\CP 1 which 
are simply connected and for which L C U(l) is a finite group. And restricting 
to a fiber L| CP i = 0(2), which is an V-bundle on singular fibers. Consider g = 
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exp(-|£ 2 ) S Sp(l) which gives an isometry of S s g : S — > S for which ^(C 1 ) = — £ 1 - 
And <; g descends to an anti-holomorphic isometry a : Z — > Z preserving the hbers. 

We now consider the orbifold M. more closely. Let (A4 , g) be any 4m dimen- 
sional Riemannian orbifold. An almost quaternionic structure on M. is a rank 3 
V-subbundle Q C End(TM ) which is locally spanned by almost complex structures 
{ Ji}i=i,2,3 satisfying the quaternionic identities J? = —Id and J\ J2 = —J2J1 = Ja- 
We say that Q is compatible with g if J*g = g for i = 1,2,3. Equivalently, each 
Ji 1 i — 1,2,3 is skew symmetric. 

Definition 5.7. A Riemannian orbifold (M,g) of dimension Am,m > 1 is quater- 
nionic Kahler if there is an almost quaternionic structure Q compatible with g which 
is preserved by the Levi-Civita connection. 

This definition is equivalent to the holonomy of [M. , g) being contained in 
Sp(l)Sp(m). For orbifolds this is the holonomy on M \ Sm where Sm is the 
singular locus of M. . Notice that this definition always holds on an oriented Rie- 
mannian 4-manifold (m = 1). This case requires a different definition. Consider 
the curvature operator 1Z : A 2 — > A 2 of an oriented Riemannian 4-manifold. With 
respect to the decomposition A 2 = A 2 , © K 2 _ , we have 



r W- 



(5.2) K 

where W+ and W- are the selfdual and anti-self-dual pieces of the Weyl curvature 
and r = Ric— |g is the trace- free Ricci curvature. An oriented 4 dimensional 
Riemannian orbifold (M,g) is quaternionic Kahler if it is Einstein and anti-self- 

o 

dual, meaning that r = and W+ = 0. 

Theorem 5.8. Let (S,g) be a compact 3-Sasakian manifold of dimension n — 
Am + 3. Then there is a natural quaternionic Kahler structure on the leaf space of 
Tz, (M,g), such that the V-bundle map vo : S — > Ai is a Riemannian submersion. 
Furthermore, (M,g) is Einstein with scalar curvature 16m(m + 2)). 

Proof. For any x G A4 choose z £ vj~ x {x) and a slice W C S through z invariant 
under T — Stab(z) C Sp(l). This gives a local uniformizing chart for A4, <f> ■ U — 
W ->U, where W/T = U CM. And W x Sp(l) -> W x r Sp{l) uniformizes the V- 
bundlc zn : S — * M.. Let 7i be the horizontal distribution to the foliation Given 
X G TS denote its horizontal projection by hX. The bundle Q of almost complex 
structures is given over U by Ji — — $ 1 \h with local basis of section J,,i = 1, 2, 3 
over W given by (Ji) w = (Ji)w- Here we are identifying the tangent space of W 
with Ti. thereby giving W the submersion metric. Then proposition i|5.2|) ii) shows 
that Ji,i = 1,2,3 satisfy the quaternionic identities. To compute the covariant 
derivative of the Ji,i = 1,2,3 notice that they are the sections of the associated 
bundle W x Sp(l) Xsp(i) S P(1) corresponding to W and {£\£ 2 ,£ 3 } C sp(l). Let 
X G T W W with X = hX + V with vertical component induced by £ G sp(l). Let 
Y be a basic vector field on W x Sp(l), meaning horizontal and projectable. Then 
if V denotes the Levi-Civita connection on W, we have 

VxMY) = -hV x V{Y) - VHC C] 

(5.3) = -h[g(e,Y)X - g(X, Y)C] - Vy [C, f] 

= -vy[c,r]- 
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And since — V[£, £ l ] is a local section of <2, we have a quaternionic Kahler structure. 
Any quaternionic Kahler space is Einstein (cf. |61|L The scalar curvature is a simple 
consequence of the O'Niell tensors. 

We will settle the m — 1 case. Let X, Y, Z, W be basic vector fields on S. For 
simplicity they will be identified with their projections on M.. The O'Niell tensors 
are 

(5.4) A x Y = J29(X,&Y)e, A x e = &(X), T = 0. 

See Besse jlOj for more details on Riemannian submersions. Straight forward cal- 
culation gives the relation between the Riemannian curvature tensors R of (S, g) 
and R of (M,g): 

(5.5) R(X, Y)Z = R(X, Y)Z - 2 ^ g(X, &Y)&{Z) 

i 

+ J2 9(Y, &Z)&{X) - ]T 9(X, &Z)&{Y) 

i i 

Let J be the almost complex structure on U associated to £p for f3 £ S 2 and 
$ = — V^. If Rxy denotes the curvature of End(TS), then from l|4.1|l 

(5.6) RxyHZ) = g($X, Z)Y - g(<f>Y, Z)X + g(X, Z)*(Y) - g{Y, Z)*{X). 

Using the curvature formulae 15.5fl and (|5.ti[) and the identities in proposition (|5.2|) 

we have 

(5.7) 

R XY J(Z) = R(X,Y)J(Z) - JR{X,Y)Z 

= -R(X, Y)<f>(Z) + <f>(R(X, Y)Z) 

= -Rxy^(Z) - g{Y, Z)$(X) + g(Y, <5>Z)X + g(X, Z)<f>(Y) - g(X, <S>Z)Y 
- 2 9( x , ® lY ) W o $(Z) - o § l (Z)] 

i 

= g(X, JiY)[Ji o JZ -Jo JiZ]. 

i 

Thus the curvature R of End(TA'l) restricts to Skewsym(Q) C Skewsym(TA^) =■ 
A 2 . Let A+ C A 2 denote the subspace corresponding to Q under this identification. 
So 

(5.8) A 2 = A 2 + ffiAl, 

where A^ is the orthogonal compliment to A+. Furthermore, denote by A 2 . C 
A^ the subspace commuting with A+. So A 2 , = sp(m). And using the natural 
identification Skewsym(Q) = Q, J — ► |[J, — ] G Skewsym(Q), if ir + : A 2 — > A+ is 
the projection, 

(5.9) R = C7T+, for c> 0. 

Let 1Z : A 2 — * A 2 be the curvature operator of (Ad, g). If a £ A^ and 7 £ A+, then 

= R(a)j = [11(a), -y]. 
So TZ(a) £ A_. Also, by the symmetry of the curvature operator, 

(■R.( 1 ),a)={K(a), 1 )=0. 
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So for any 7 £ A 2 , , ^(7) £ A 2 , . And we see that 7^.(7) = 07. Thus the curvature 
operator is 

(5.10) n = C7T+ + v», 

where ^>(/3) G A 2 , for all /3 <E A 2 and vanishes on (A 2 ,)- 1 C A 2 . When m = 1, and 
.M is 4 dimensional, A 2 ^ is the usual bundle of selfdual forms, and A 2 . = A^ is the 
bundle of anti-self-dual forms. In view of the decomposition l|5.2|) of 1Z we have 
precisely that (A4,g) is anti-self-dual and Einstein. □ 

Both theorems Ij5.6|) and 1|5.8|) can be inverted. See ^2] for the inverse of the- 
orem (|5.6f) . The inverse of theorem l|5.8|l was first proved by Konishi 07] in the 
regular case. We state it below for orbifolds as we will make use of it later. Al- 
ternatively starting with a positive scalar curvature quaternionic Kahler orbifold 
M one constructs its twistor space Z as the bundle of unit vectors in Q. Then 
as in Z is positive scalar curvature Einstein with a complex contact structure 
and anti-holomorphic involution preserving the fibers, which are generically CP 1 . 
Then as in corollary (|4.11() one constructs S, and the complex contact form lifts to 
define the 3-Sasakian structure on <S.(cf. |12p 

Theorem 5.9. Let (M.,g) a quaternionic Kahler orbifold of dimension 4n with 
positive scalar curvature normalized to 16n(n + 2). Then there is a principle SO(3) 
V -bundle w : S — > M,, for which the total space S admits a 3-Sasakian structure 
making zu a Riemannian submersion. 

In many cases the SO(3) bundle lifts to an Sp(l) bundle. The obstruction to 
this lifting is the Marchiafava-Romani class. An almost quaternionic structure is 
a reduction of the frame bundle to an Sp(l)Sp(rn) bundle. Let Q be the sheaf 
of germs of smooth maps to Sp(l)Sp(m). An almost quaternionic structure is an 
element s £ H^ rb (M,G)- Consider the exact sequence 

(5.11) Z 2 -> Sp(l) x Sp{m) -> Sp{l)Sp{m) -> 1. 
Definition 5.10. The Marchiafava-Romani class is e — S(s), where 

5 : Hl b (M,G) - H 2 orb (M,Z 2 ) 
is the connecting homomorphism. 

One has that e is the Stiefcl- Whitney class u>2(Q)- Also, e is the obstruction 
to the existence of a square root L2 of L. In the four-dimensional case n = 1, 
e = W2(A 2 h ) = W2{TM.). When e = for the 3-Sasakian space S associated to 
(A4,g) we will always mean the one with Sp(l) generic fibres. 

The above is all encapsulated in the following "diamond" where the maps are 
orbifold fibrations. See J3| f° r more details. 



C(S) 



/ 

(5.12) s _ 



\ 

— Z 



\ * / 

M 

On a quaternionic Kahler orbifold (Ai,g) one has the moment map fj, £ T(A4, g*(g> 
Q), where g C Jsom(g) is a Lie subalgebra of the Lie algebra of Killing vector fields. 
If X £ Q, then VA" is in the subspace of End(TA^) determined by the holonomy 
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algebra sp(l) © sp(m) by a result of B. Kostant gH|- Since V x - VI = C x , X 
preserves the quaternionic structure. We define 

(5.13) (hm,X) =7T+(VX). 

We will make use of the quaternionic Kahler quotient to construct new examples. 
Let G C Isom(g) be a compact subgroup with moment map /x g T(J\A,q* (E> <2). 
Then G acts on /i -1 (0). If the action is locally free, then 

(5.14) M // G := f r\0)/G 

naturally has the structure of a quaternionic Kahler orbifold. Each of the four 
spaces in the diamond Ij5.12|l has a moment map and reduction procedure which 
results in another diamond. For our purposes it will be more convenient to use the 
equivalent notion of 3-Sasakian reduction discussed in the next section. 

5.2. 3-Sasakian reduction. We will need 3-Sasakian reduction to construct ex- 
amples of 3-Sasakian 7-manifolds. In particular, we are interested in toric 3- 
Sasakian 7-manifolds which have T 2 preserving the the 3-Sasakian structure. Up 
to coverings they are all obtainable by taking 3-Sasakian quotients of S* 4 ™" 1 by a 
torus T k , k = n-2. See jTHUE] for more details. 

Let (5, g) be a 3-Sasakian manifold. And let I(S, g) be the subgroup in the isom- 
etry group Isom(iS, g) of 3-Sasakian automorphisms. Of course Isom(5, g) contains 
the group generated by {C 1 ,^ 2 ,^ 3 }. We mention the following. 

Proposition 5.11 ( 13 ). Let (S,g) be a complete 3-Sasakian manifold which is 
not of constant curvature. Then Isom(<S,<7) = I(S,g) x Sp(l) or Isom(5,g) — 
I(S,g) x S*0(3). If(S,g) does have constant curvature, then Isom(iS) strictly con- 
tains Isom( l S, g) — I(S, g) x Sp(l) or Isom(5, g) — I(S, g) x 5*0(3) with Isom(5, g) 
the centralizer of Sp(l) or 5*0(3). 

Let G C I(S,g) be compact. The group I(S,g) extends to the group I(C(S),g) 
of hyperkahler isometries of (C(S),g) preserving the factor R + . See proposition 
(|5.3(l . Due to 02 there is a moment map [i : C(S) — > g* <g> R 3 , where g is the Lie 
algebra of G. One can define the 3-Sasakian moment map 

(5.15) ^ 5 :S -» fl* <8>R 3 

by restriction fi$ = (j,\s- For 3-Sasakian reduction to work we must require the 
level set /ig (0) to be invariant under the Sp(l) action generated by the 3-Sasakian 
vector fields £*, i — 1,2,3. From this requirement the 3-Sasakian moment map must 
have the following form. (cf. 13 ) 

Let X be the vector field on S induced by X 6 q. The moment map is given by 

(5.16) (n a s ,X) = ^ v a (X), a=l,2,3forXe fl , 

We have the following version of reduction. 

Proposition 5.12. Let (S,g) be a 3-Sasakian manifold and G C L(S,g) a con- 
nected compact subgroup. Assume that G act freely (locally freely) on (0). Then 
S If G = /i^ 1 (0)/G has the structure of a 3-Sasakian manifold (orbifold). Let 
l : fXg (Q) — > S and n : /i^^O) — > /i^ 1 (0)/G be the corresponding embedding and 
submersion. Then the metric g and 3-Sasakian vector fields are defined by n*g = I* g 
and 7T*f l^o) =€ ■ 
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Note that for x £ S, Im d(fis)x = Qx ® ^ 3 where g^r C g* is the annihilator of 
the Lie subalgebra of the stablizer of x € 5. So G acts locally freely on /x^ 1 (0) if, 
and only if, is a regular value of fig. 



Consider the unit sphere S 



C 



with the metric g obtained by restricting 



the flat metric on H". Give S* 4 ™ -1 the standard 3-Sasakian structure induced by 
the right action of Sp(l). Then I(S 4n ^ 1 , g) — Sp(n) acting by the standard linear 
representation on the left. We have the maximal torus T n C Sp(n) and every 
representation of a subtorus T k is conjugate to an inclusion lq : T k — > T™ which is 
represented by a matrix 

n- ••• 



(5.17) 



£n(n> ■ ■ ■ i T k) 











n 



where (ri, . . . , Tk) G T k . Every such representation is defined by the k x n integral 
weight matrix 



(5.18) 



O = 



k 



« . 



Let {ei}, i — 1, . . . , k be a basis for the dual of the Lie algebra of T k , t£ 



Then the moment map /iq : S* 4 " 1 
where 



t£ <x> M 3 can be written as fiQ = J2j lAi e i 



(5.19) 



Mn( u ) = ^uiia 



jut. 



'< ■ 


• 


a k ■ 


• <- 



In terms of complex coordinates = + u^j on H™ we have 

(5.20) rf 2 (z,vs) = iY,a-i(\zi\ 2 ~ Iwtf) + 2kJ2ajwizi. 

I I 

Assume rank(f2) = k otherwise we just have an action of a subtorus of T k . 
Denote by 

(5-21) Ao!,...^ =det 

the (^) k x k minor determinants of fi. 

Definition 5.13. Let Jl S ^fc jn (Z) 6e a weight matrix. 

(i) Jl is non-degenerate if A aii .. iQj . 7^ 0, /or aZZ 1 < oi\ < ■ ■ ■ < ak < n. 

Let Q be non- degenerate, and let d be the gcd of all the A Ql Qfc , the kth determi- 

nantal divisor. Then Jl is admissible 

(ii) z/gcd(A 

Q2,...,tt t+1 ) * • • 3 ^ai,...,a t ,...,a k+ i j ■ ■ ■ 1 A Ql jQ( _ ) — d for all length k + 1 
sequences 1 < a% < ■ ■ ■ < at < ■ ■ ■ < afc+i <n+l. 

The quotient obtained in proposition l|5.12|l Sq = S* 4 " -1 //T k (il) will depend on ft 
only up to a certain equivalence. Choosing a different basis of ik results in an action 
on SI by an element in Gl(k,1). We also have the normalizer of T n in Sp(n), the 
Weyl group W{Sp{n)) = E n x where E n is the permutation group. W{Sp{n)) 
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acts on S 1 preserving the 3-Sasakian structure, and it acts on weight matrices 
by permutations and sign changes of columns. The group Gl(k, Z) x W(Sp(n)) acts 
on .#fc,„(Z). 

The gcd dj of the jth row of f2 divides d. We may assume that the gcd of each 
row of O is 1 by merely reparametrizing the coordinates tj on T k . We say that O 
is in reduced form if d = 1. 

Lemma 5.14. Every non- degenerate weight matrix Q is equivalent to a reduced 
matrix. 

So will only depend on the reduced form of fl and equivalence up to the 
action of Gl(k,Z) x W{Sp{n)). 

Theorem 5.15 (pUCEl)- Let n G ■^k,n( Z ) be reduced. 

(i) If fl is non-degenerate, then is an orbifold. 

(ii) Supposing is non-degenerate, Sq is smooth if and only if £1 is admissible. 

Notice that the automorphism group of Sq contains T n ~ k = T n / ia(T k ). 
We are primarily interested in 7-dimensional toric quotients. In this case there 
are infinite families of distinct quotients. We may take matrices of the form 



(5.22) 



= 



ri 

o 



Lo o 



«2 



b 2 



1 a k b k 



Proposition 5.16 f [18]). Let fl € ^u,k+2{Z) be as above. Then Q, is admissible 
if and only if ai, bj,i, j — 1, . . . , k are all nonzero, gcd(<Zi, bi) = 1 for i = 1, . . . , k, 



x « ? bj , i ) J — 
id we do not have a, = 



id bt = bj , or a.i 



and bi — —bj for some i ^= j. 



Proposition l|5.16[l shows that for n = k + 2 there are infinitely many reduced 
admissible weight matrices. One can, for example, choose a.i, bj,i, j = 1, ... k be all 
pairwise relatively prime. We will make use of the cohomology computation of R. 
Hepworth 0Oj to show that we have infinitely many smooth 3-Sasakian 7-manifolds 
of each second Betti number bi > 1. Let A Pi9 denote the k x k minor determinant 
of obtained by deleting the p th and q th columns. 

Theorem 5.17 (0O||I7IE|)' Let € ^#fc,fc+2(Z) be a reduced admissible weight 
matrix. Then 7Ti(«Sn) = e - And the cohomology of Sq is 

p 01234 567 



HP Z 1 k Gn Z k Z 
where Gq is a torsion group of order 

El As ^|---|A Sfe+1>tfc+ J 

with the summand with index si, tx, ■ ■ ■ , Sfc+i, tk+l included if and only if the graph 
on the vertices {1, . . . , k + 2} with edges {si, U} is a tree. 

If we consider weight matrices as in proposition l|5.16[l then the order of Gq is 
greater than |oi • • • flfe| + |6i • • • &fe|. We have the following. 

Corollary 5.18 l'|4()j|18|). There are smooth toric 3-Sasakian 7-manifolds with 
second Betti number 62 = k for all k > 0. Furthermore, there are infinitely many 
possible homotopy types of examples Sq for each k > 0. 
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Let n € ^k,k+2{^) be a reduced admissible weight matrix, so Sn is a smooth 
3-Sasakian 7-manifold. Recall that we have a right action of Sp(l) on <5>q and 
Sn/Sp(l) = Mq is the associated quaternionic kahler orbifold. We will denote 
N(Q) = ^(0) which has an action of T k+2 xSp(l). Since f2 is reduced, the exact 
sequence 

(5.23) e -> T fe 3 T fc+2 -> T 2 -> e, 
induces an exact sequence 

(5.24) -> Z k -> Z fc+2 -> Z 2 -> 0. 

Denote := N(Q)/Sp(l) and Q(fi) := T k+2 \B(Q). Then we have the 

following commutative diagram 

1 

(5-25) B{n) 

1\ 
TWo— Q(fi) 

where the upper left arrow is a principal Sp(l) fibration, lower left is a locally free 
T k fibration, the diagonal has generic T k+2 fibers, and the bottom map has generic 
T 2 fibers. We will define a stratification of B(£l), and likewise N(Cl). From the 
non-degeneracy of f2 it follows that at most one coordinate u a ,a = l,...,k + 2 can 
vanish on cither set. 
(5.26) 

N (n) ={u G N(Q) ; ii a — 0, for some a = 1, . . . , k + 2} 

Ni(fl) —{u 6 AT(fi) : u a ^ 0, for all a = 1, . . . , k + 2 and there exists a pair 

(u a , ua) lying on the same C-line in H} 
A^(f2) ={u G AT(O) : u Q 7^ 0, for all a = 1, . . . , fc + 2 and there is no pair 

(u a ,up) lying on the same C-line in H} 

Let T k + 2 be the quotient of T k+2 by the diagonal element (—1, . . . , —1) which acts 
on B(tt). 

Proposition 5.19. Let fl € ^k,k+2{^) be reduced and non-degenerate. Then 

(i) f k+2 acts freely on B 2 {Q). 

(ii) Bi(Q) consists of k + 2 components U Q ij Bi(a, ft) where the stablizer of each 
point of Bi(a, f2) is a subgroup G a C T k+2 with G a = S 1 . 

(Hi) Bo(tt) consists of k + 2 orbits of T k+2 with stabilizer groups F a C T k+2 with 
F a = T 2 generated by G a and G a +i. 

(iv) Q(fl) is a polygon with edges and vertices corresponding to components of Bi(fl) 
and Bq(Q) respectively. 

Proof. The action of T k x Sp(l) on N(Cl) in terms of quaternionic coordinates u a 
is given by u a — > e %6a u a q for a = 1, . . . , k + 2 and q S We will consider the 

u a as homogeneous coordinates on B(£l) C HP fc+1 . Consider complex coordinates 
+ w a j. We may act by an element of Sp(l) so that wp = for any 
P € {1, . . . , fc + 2}. Suppose [u] 6 -Bi(O), so each u Q 7^ 0. After acting by Sp(l) we 
have u a — z a and = z@, and it follows from equation 15.2011 and non-degeneracy 
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that z a w a = 0, for all a = 1, . . . , A; + 2. Acting by j if necessary, we may assume 
that Wk+2—0- The stablizer of [u] is the projection of the stablizer of u which is 
contain in T k + 2 ■ S 1 onto f k+2 . The action of T k+2 ■ S 1 is 

(5.27) z a -> e^+^za and w a -> e l(9 °-^w; Q , for a = 1, . . . , fc + 2, 

where e 1 ^ is the coordinate of the S 1 factor. We have e l8k+2 = e~ 1 ^ and e l9 ° = e ±l ^ 
for i = 1, . . . , k + 1 depending on whether z a = or w a = 0. So the stablizer group 
of u e Bi{Q) is the S 1 subgroup (e ±ie , . . . , e ±ie , e ie ) S f k + 2 , where there is a + if 
ui Q = and a — if z a = 0. 

Suppose [u] G ^2(0). Then as before we may suppose Wk+2 — 0. There exists 
a (3 with 7^ 0. Again the stablizer of [u] is the projection onto T k+2 of the 

stablizer of u in T k+2 ■ S 1 . From equations (|5.27(l we have either e 1 ® 13 = e 1 ^ = 1 
or e 13 = e 4 "^ = — 1. But since either z a 7^ or t/; a 7^ for all a, we have either 
1 for a = 1, . . . , k + 2 or e i9 ° = -1 for a = 1, . . . , k + 2. Thus f k+2 act 



e 



i(> n 



freely on i?2(^)- 

By a transformation by an element of Gl(k,Q) we may normalize f2 to get 



(5.28) n' 



(1 ■■• h 9l 

1 ••• h 52 

l0 ••• 1 / fc g k ) 



for which we have ^}(0) = // S7 1 (0). Then the fi,i — 1, . . . , k and gi,i — 1, . . . ,k are 
nonzero. And we may assume that <?i//i < • • • < <?,:/ < • • • < gk/ Ik after making 
a further transformation. Then the equations for A^(fi) in complex coordinates 
u a — z a + w Q j become 

(5 29) VA 2 - hd 2 + //(kfc+il 2 - K-+i| 2 ) + .9;(kfe+2| 2 - K+2I 2 ) = 0, and 
wizi + fiWk+iZk+i + giw k+2 z k+2 = l = l,...,k. 

Suppose [u] e Bi(Q), with w^+2 = and z a w a = for a = 1, . . . , k + 2. Assume 
that < ,gi//i < ' • • < gi/fi < ' • • < gk/ fk, for simplicity. The general case is only 
slightly more complicated. To [u] we associate a vector, which denotes the stablizer 
group, with a + in the a th component if z a 7^ and w a = and a — otherwise. 
We have the following: Vi = (+, ...,+,—,...,—,+) for i — 1, . . . , k, which has 
i plus signs, v k +i = (—,...,—,+, +), and v k +2 = (—,...,—,—, +)• Denote the 
corresponding stablizer group to vi by Gi. 

Let .Bo(/3)^) be the subset of Bq(VI) with = 0. Suppose [u] e Bq(/3, £1). As 
before, we may fix m^+2 = -^+2, where we choose another coordinate if /3 = k + 2. 
Then we have either z Q = or ro a = for a = 1, . . . , k + 2. The stablizer of [u] is 
the S 1 subgroup generated by e %6fl along with the S* 1 subgroup in the iVi(Sl) case. 
Using equations H5.29JI and ||u|| = 1, one can show that Bq({3, £1) consists of a single 
orbit of f k+2 . 

As discussed in jSS] or |27] the quotient Q(Sl) of B(Q) by T k+2 is a closed polygon 
with k + 2 edges, that we may label with the Vi, and k + 2 vertices. □ 

Recall the orbifold Mn has an action of T 2 ~ T k+2 /i n {T k ) 1 and can be charac- 
terized as in [HHj and by its orbit space and stablizer groups. See Appendix IA. .31 
for more details. The orbit space is Mn/T 2 = Qq. We also use Gi,i = 1, . . . , k + 2 
to denote the image of the G, inT 2 , which are S subgroups by the non-degeneracy 
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of f2. Then Qn is a polygon with k + 2 edges Ci, C2, . . . , C&+2, labeled in cyclic or- 
der, with the interior of Ci are orbits with stablizer G;. Choose an explicit surjective 
homomorphism <f> : "L k+2 — » Z 2 annihilating the rows of fi. So 

(5.30) $= [ 6l 62 6fc+2 

ICi C 2 •■• Cfc+2 



It will be helpful to normalize <&. After acting on the columns of <& by # / (Sp(£; + 2)) 
and on the right by Gl(2, Z) we may assume that bi > for i = 1, . . . , k + 2 and 
c\jb\ < ■ ■■ < Ci/bi < ■■ ■ < Ck+2/bk+2- Now in the above proof one has, up 
to a cyclic permutation, v\ = (H — • • • — ), . . . , Vi = (+■■■-{ — • • • — ), . . . , ffe+2 = 
(+•••+). Then the stablizer groups Gi C T 2 are characterized by (mi,nj) € Z 2 
where 

i fc+2 

(5.31) (mi,m) = yi(bi,<n) - 2J (6/,c/), i = l,---fc + 2. 

;=i i=i+i 

It is convenient to take (mo, no) = — (rrik+2, ^+2)- 

5.3. Anti-self-dual Einstein orbifolds. We will consider toric anti-self-dual Ein- 
stein orbifolds in greater detail. Such an orbifold A4 is toric if it admits an effec- 
tive action of T 2 . By the previous section quaternionic Kahler reduction gives us 
infinitely many examples. By reducing MP k+1 by a subtorus T k C Sp(k + 2) de- 
fined by an admissible matrix fl we get a toric anti-self-dual orbifold Mn with 
b 2 (M) = k. The orbifold M. is characterized by a polygon Qfi = M/T 2 with fc + 2 
edges labeled in cyclic order with (mo,Tio)j (wi,ni), . . . , (mfc+2) ^fc+2) i n ^ 2 with 
(mo: n o) — ~(wfc+2, nfe+2). These vectors satisfy the following: 

a. The sequence rrii, i = 0, . . . k + 2 is strictly increasing. 

b. The sequence (n, — nj_i)/(mj — mj_i), i= 1, ...fe + 2is strictly increasing. 

We will make use of the following classification result of D. Calderbank and M. 
Singer. 

Theorem 5.20. Let M. be a compact toric 4-orbifold with iri rb (A4) = e and k — 
&2(-A4). Then the following are equivalent. 

i. One can arrange that the isotropy data of A4 satisfy a. and b. above by cyclic 
permutations, changing signs, and acting by Gl{2, Z). 

ii. M admits a toric anti- self- dual Einstein metric unique up to homothety and 
equivariant diffeomorphism. Furthermore, (M,g) is isometric to the quaternionic 
Kahler reduction ofUP k+1 by a torus T k C Sp(k + 2). 

It is well known that the only possible smooth compact anti-self-dual Einstein 

2 

spaces with positive scalar curvature are S* 4 and CP , which are both toric. Note 
that the stablizer vectors vq = (mo,no),vi — (mi, m ),..., = {mk+2,rik+2) 
form half a convex polygon with edges of increasing slope. 

Theorem 5.21. There is a one to one correspondence between compact toric anti- 
self-dual Einstein orbifolds M. with 7r5 >T ' b (A / () = e and special symmetric toric Fano 
orbifold surfaces X with TTi rb (X) — e. By theorem X has a Kahler-Einstein 

metric of positive scalar curvature. Under the correspondence if b 2 {M) = k, then 
b 2 {X) = 2k + 2. 
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Proof. Suppose M. has isotropy data Vo, v\ , . . . , Vk+2 ■ Then it is immediate that 
Do, «i, ■ • ■ , Vk+2, —vi, — 1>2, ■ • ■ , — Wfe+i are the vertices of a convex polygon in Ar = 
]R 2 , which defines an augmented fan A* defining X . The symmetry of X is clear. 

Suppose X is a special symmetric toric Fano surface. Then X is characterized 
by a convex polygon A* with vertices Vo, v\, . . . , f2fc+4 with V2k+i = vq. Choose a 
primitive p = (u, w) G Z x Z, w > which is not proportional to any Vi — i = 
1, . . . , k + 2. Choose s, t € Z with su + tu; = 1. Then let v[, i = 0, . . . , 2k + 4 be the 



images of the «i under 



w —u 
s t 



There is a v'j — (m'^n'j) with m'j smallest. And 



v'j, v'j + i, . . . , v'j +k+2 , where the subscripts are mod 2k + 4, satisfy a. and b. Such 
a toric orbifold is simply connected if and only if the isotropy data span Z x Z. 
One can show that the correspondence does not depend on the particular isotropy 
data. □ 

In the next section we will prove a more useful geometric correspondence between 
toric anti-self-dual Einstein orbifolds and symmetric toric Kahler-Einstein surfaces. 

Example. Consider the admissible weight matrix 



O = 



fl 1 11 
[0 1 1 2) 



Then the 3-Sasakian space Sq is smooth and &a(<Sfi) = &2(-Mn) = 2. And the 
anti-self-dual orbifold .Msi has isotropy data 

v = (-7, -2), (-5, -2), (-1, -1), (5, 1), (7, 2) = v 4 . 

The singular set of M consists of two points with stablizer group Z3 and two with 
Z4. The associated toric Kahler-Einstein surface is that in figure (|2.3(l . ^> 



Proposition 5.22. Let X be the symmetric toric Fano surface associated to the 
anti- self- dual Einstein orbifold M.. Then Ind(A) — 2 if and only if w^iM) — 0. In 
other words, K^ 1 has a square root if and only if the contact line bundle on Z, L, 
does. 

Recall that u> 2 (.M) is equal to the Marchiafava-Romani class e. Thus the van- 
ishing of W2{M) is equivalent to the existence of a square root of the contact 
line bundle L on Z. 

Proof. Suppose Ind(X) = 2 which is equivalent to W2{X) = 0, where W% denotes 
the orbifold Seifel- Whitney class. Recall that the orbit space of M. is a k + 2-gon 
W with labeled edges Ci, . . . , Ck+2- Since ir° rb (M) = e, there exists an edge C, 
for which the orbifold uniformizing group T has odd order. Let U be a tubular 
neighborhood of an orbit in Ci. So U = S 1 x / x D/T, where / is an open interval 
and D is a 2-disk. And let V be a neighborhood homotopically equivalent to M. \ U 
with U U V = A4. Consider the exact homology sequence in Z2-coefficients, 

(5.32) > H 2 (BU) 8 H 2 (BV) -> H 2 {BM) -» Hx(B(U n V)) 

H 1 {BU)®H 1 {BV)^Q. 

We have BU = S 1 x I x EO{A)/T. Since EO(A) is contractible, H*{EO{l)/T, A) = 
H*(T,A) for any abelian group A. In particular, H n (T,l2) = for all n > 0, since 
|r| is odd. Thus H 2 (BU,Z 2 ) = and H 1 (BU,Z 2 ) = Z 2 . Similarly, it not hard to 
show that Hi(B(U fl V, Z2) = Z2. From the exact sequence (|5.32(l the inclusion 

49 



j : V — ► M. induces a surjection : H2(BV, Z 2 ) — > H 2 (BA4, Z 2 ). Considering the 
orbit spaces one sees that there is a smooth embedding t : V — > X. The tangent 
V-bundle TA4 lifts to a genuine vector bundle on BM. which will also be denoted 
T. See appendix [Q Then 

w 2 {M) = w 2 (TM) G H 2 (BM,Z 2 ) = Rom(H 2 {BM,Z 2 ),Z 2 ). 

Let a G H 2 (BM,Z 2 ). Then there exists a (3 G H 2 (BV,Z 2 ) with = a. Then 

w 2 (TM)(a) = u> 2 (7V)(/3) = tua(TJf)(t./3) = 0. 

Thus w 2 (7W) = 0. 

The converse statement will follow from the main result of the next section. □ 

5.4. Twistor space and divisors. We will consider the twistor space Z intro- 
duced in theorem l|5.6|l more closely for the case when M. is an anti-self-dual Ein- 
stein orbifold. For now suppose (A4, [g]) is an anti-self-dual, i.e. W+ = 0, conformal 
orbifold. There exists a complex three dimensional orbifold Z with the following 
properties: 

a. There is a smooth F-bundle fibration zu ; Z — > M.. 

b. The general fiber of P x = ru^ 1 (x), x G Z is a projective line CP 1 with 
normal bundle N = 0(1) ® 0(1), which holds over singular fibers with N 
a V-bundle. 

c. There exists an anti-holomorphic involution a of Z leaving the fibers P x 
invariant. 

Let T be an oriented real 4-dimensional vector space with inner product g. 
Let C(T) be set of orthogonal complex structures inducing the orientation, i.e. 
if r, s G T is a complex basis then r, Jr, s, Js defines the orientation. One has 
C(T) = S 2 C A 2 + (T), where S 2 is the sphere of radius y/2. Now take T to be H. 
Recall that Sp(l) is the group of unit quaternions. Let 

(5.33) Sp(l) + x Sp{l)- 
act on HI by 

(5.34) to -> gwg'~\ for w G H and (g,g') € Sp(l)+ x Sp(l)- 
Then we have 

(5.35) S P (l)+ x Z2 Sp(l)_ S 50(4), 
where Z 2 is generated by (—1,-1). Let 

C = {ai + bj + ck : a 2 + b 2 + c 2 = 1, a,b, c G K} 
= { 5 G 5p(l)+ : .g 2 = -1} = 5 2 . 
Then g € C defines an orthogonal complex structure by 

w — > giu, for w G H, 

giving an identification O = 0(H). Let V+ = H considered as a representation of 
Sp(l) + and a right C-vector space. Define ir : V+ \ {0} — > O by 7r(/i) = —hih~ x . 
Then the fiber of 7r over hih~ l is /iC. Then 7r is equi variant if Sp{\)+ acts on O by 
Q ~ * f7Q'.9 — 1 , 5 G Sp(l)+. We have a the identification 

(5.37) = y+\{0}/C* =P(F+). 
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Fix a Riemannian metric g in [g]. Let <j> : U — > U C M. be a local uniformizing 
chart with group T. Let f ^ be the bundle of orthonormal frames on U. Then 

(5.38) F x so{A) F(V + )=F iJ x so{4) C 
defines a local uniformizing chart for Z mapping to 

f x SO (4) nv+)/r = f /t x so(4) v(y+). 

Right multiplication by j on V+ = H defines the anti-holomorphic involution a 
which is fixed point free on (|5.38|l . We will denote a neighborhood as in (|5.38|) by 

An almost complex structure is defined as follows. At a point z G Uz the Levi- 
Civita connection defines a horizontal subspace H z of the real tangent space T z and 
we have a splitting 

(5.39) T Z =H Z ® T Z P X = T x @T z P Xl 

where w(z) = x and T x is the real tangent space of U . Let J z be the complex 
structure on T x given by z G P x = C(T X ), and let J z be complex structure on 
T x © T^P^ arising from the natural complex structure on P x . Then the almost 
complex structure on T z is the direct sum of J z and J' z . This defines a natural 
almost complex structure on Zjj which is invariant under T. We get an almost 
complex structure on Z which is integrable precisely when W+ = 0. 

Assume that M. anti-self-dual Einstein with non-zero scalar curvature. Then 
Z has a complex contact structure D C T 10 Z with holomorphic contact form 
6 G r(A^°Z <g) L) where L = T lfi Z/D. 

The group of isometries Isom(A^) lifts to an action on Z by real holomorphic 
transformations. Real means commuting with a. This extends to a holomorphic 
action of the complexification Isom(A / I)c- For X G 3som(.M) <8 C, the Lie algebra 
of Isom(A / l)c, we will also denote by X the holomorphic vector field induced on 
Z. Then 6{X) G H°(Z, O(L)). By a well known twistor correspondence the map 
X — » 0(A) defines an isomorphism 

(5.40) 3som(7W)®C^ff°(Z,0(L)), 

which maps real vector fields to real sections of L. 

Suppose for now on that M. is a toric anti-self-dual Einstein orbifold with twistor 
space 2. We will assume that irf rb (M) = e which can alway be arranged by taking 
the orbifold cover. Then as above T 2 acts on Z by holomorphic transformations. 
And the action extends to = C* x C*, which in this case is an algebraic action. 
Let t be the Lie algebra of T 2 with be the Lie algebra of T£. Then we have from 
(|5.40l) the pencil 

(5.41) P = P(fc)C|L|, 

where for t G P we denote X t = {6(t)) the divisor of the section 9(t) G H°(Z, 0(L)). 
Note that P has an equator of real divisors. Also, since is abelian, every X tl t G P 
is T 2 invariant. 

Consider again the T 2 -action on M.. Let K x denote the stablizer of a: G AL 
Recall the set with non-trivial stabilizers of the T 2 -action on M. is B = Ui=i Bi 
where B>i is topologically a 2-sphere. Denote Xi = Bi<~)P>i + i, B\ = Bi\{xi, Xi-i} and 
B' = U^=i 2 B'i- And denote the stabilizer of B[ = Bi\{xi, Xi-i} by K t = S 1 (m i , n,). 
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The stablizer of Xi is K = T 2 . We will first determine the singular set X C Z for 
the T 2 -action on Z. 

Lemma 5.23. For x £ B there exists on P x precisely two fixed points z + , z~ for 
the action of K x which are a conjugate. For x £ B' . the stablizer group in T 2 of 
any other z £ P x is trivial. 

Proof. Let <j) :U —* U be a uniformizing chart centered at x with group 7. We may 
assume that K x acts on U with 7 C K x and K x /~/ = K x . Then the uniformizcd 
tangent space splits 

(5.42) T S = T 1 ®T 2 . 

When x £ B' we take T\ to be the space on which K acts trivially and T 2 on which 
Ki act faithfully. When x — Xi, K x = Ki® ifj+i assume Ki acts faithfully on T\ 
and trivially on T 2 , and K i+ i trivially on T\ and faithfully on T 2 . 

We determine the action of K x on z £ P x . Identify with H = C ® jC, 

considered as a right C- vector space. The action of K x = S l {t) in the first case is 

(x,y) -> (aj,ty), 

and the action of K x = S 1 (s) x S 1 ^) in the second is 

(x,y) -> (sx,ty). 

If (u, v) £ S 1 x S 1 C 5p(l) + x 5p(l)_, then the action of (u, u) on T x is 

-> (to" 1 !, (uu) _1 y). 

In the first case the action of if^ is realized by the subgroup {(it, u)} with t = u^ 1 . 
Considering the representation of Sp(l)+ on V+ = H, u acts by 

(w,z) — > (uiy, u _1 z). 

One sees that the only fixed points on P x = ¥(V+) are [1 : 0] and [0 : 1]. It is easy 
to see that Ki acts freely on every other point of P x . This also proves the statement 
for x — Xi. □ 

Denote the two K x fixed points on P x for x = Xi by zf . We will denote Pi :— 
P Xi ,i = l,...,fc + 2. The next result is an easy consequence of the last lemma. 

Lemma 5.24. There exist two irreducible rational curves C\ ,i = 1, ...,& + 2 
mapped diffeomorphically to Bi by w. Furthermore, a(C^) — CT • 

The singular set for the T 2 -action on Z is the union of rational curves 

(5.43) B = (u£i 2 Pi) |J (u^+ 2 C+ UCr). 

The fixed points for T 2 are zf, i = 1, . . . , k + 2. And the stablizer group of = 
\ {z^, z, J :1 i 1 } is i'Ci. If ^2 is the orbifold singular set, then Sz C B. In this case 
Sz = Sing(Z), the singular set of Z as an analytic variety. 
We will denote the union of the curves Cf by 

fc+2 

C= |J(C^UCr). 

i=l 

Then either C is a connected cycle, or it consists of two cr-conjugate cycles. It will 
turn out that C is always connected. Thus it may be more convenient to denote 
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its components by C,, i = 1, . . . , 2n, where n = k + 2, and the points by and 
Zi +n such that 

z ( = C l n C i+ i,i = 1, ...,2n, 

where we take the index to be mod 2n. 

We now consider the action of T 2 on Z. The stablizer group of z E Z in 7g will 
be denoted G z . Let G^ C T£ be the complexification of Ki. 

Lemma 5.25. For z 6 Gj', i = 1, . . . , 2n, i/ie stablizer group G z coincides with G,;. 

Proof. We have Gi c G z with dimG; = 1. Suppose G; 7^ G z then G z /Gi is a 
discrete subgroup of T^/Gi = C*. It is easy to see that G z /Gi is an infinite cyclic 
subgroup of T£/Gi. Then the orbit of z, C[ = T^/G z must be a one dimensional 
complex torus, which is a contradiction. □ 

Recall that a parametrization of a stablizer group — S 1 (m il n i ) 1 of B>i, i — 
1, . . . , n, is only fixed up to sign. This amounts to a choice of orientation of Bi. In 
view of proposition (|5.27|) for the stablizer group Gi of C'^ i = 1, . . . , 2n, there is a 
fixed parametrization pi : C* — > T 2 . One picks one of two possibilities by the rule: 
For z in a sufficiently small neighborhood of a point of G,' one has 

Ym\pi{t)z € Gi. 

Lemma 5.26. We /icwe = —pi+ n for i = 1, . . . ,n, where we consider the pi to 
be elements of the Z 2 lattice of one parameter subgroups of T£ . 

Proof. Let x £ B[. And consider the action of Gi on the twistor line Pi as described 
in the proof of lemma H5.23(l . If z G Pi, then lim t ^o Pi( z ) — z + € G'i implies 
lim t _ >0 /0 4 rl ( z ) = z + e C i+n . □ 

We now consider the isotropy representations of G z . The proof of the following 
is straight forward. 

Proposition 5.27. Let z 6 G wit/i -07(2) = x. ^4nrf let 4> : U U be a K x -invariant 
local uniformizing chart with group 7 C K x . Also Gi denotes the complexification 
<>i A,. 

i. Let z € Gj',i = 1, ...,2n. TTien t/iere are C-linear coordinates (u,v,w) on 
TiUz and an identification G z = C*(t) so that G z acts by 

(u,v,w) — > (u,tv,tw). 

And the subspace v = w = maps to the tangent space of C[ at z. 

ii. Let z — Zi for i — 1, . . . , 2n. Then there are C-linear coordinates (it, v, w) on 
TiUz and an identification G z = C*(s) x C*(t) so that G z acts by 

(u,v,w) — > (stu, sv,tw). 

And the uniformized tangent space of Pi (resp. Ci, and Ci+\) at z is the subspace 
v — w = (resp. u = v = and u = w = 0). 

We will determine the T^-action in a neighborhood of G. Let z E C, and let Uz 
be a K z -invariant uniformizing neighborhood as above with local group 7 C K z . 
Then there is 

i. a iQ-invariant neighborhood W of the origin in T z Uz, 

ii. a ^-invariant neighborhood V of z in Uz, and 
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iii. a _KT z -mvariant biholomorphism ip : W — > V, i.e. 

(5.44) ip(gx) = g<p(x), for i£ff,j6 K z . 

This is a well known; see for example 

This linear action extend locally to G z , where G z is the complexification of K z . 
Let Wo C W be a connected relatively compact neighborhood of the origin. And 
define the open set A = {(g,w) e G z x Wq : gw £ W}, and let Ao C A be the 
connected component containing K z x Wo- Then for any (g,w) £ Aq, we have 
g<p(w) e V and 1(03} . 

We now describe the local action of T 2 around a point z G C. There are two 
cases, i. and ii., distinguished as in proposition l|5.27|l . In case i. z £ C[ for some 
i = 1, . . . , 2n. And in case ii. z — for some i = 1, . . . , 2n. we will use proposition 
(I5.27|l and the above remarks to produce a neighborhood U of z as follows. 

Case i. Suppose z £ Cj'. There exists an equivariant uniformizing neighborhood 
4> : U — > U centered at z with group 7 C -R^. One can lift the corresponding one 
parameter group pi : C*(t) — > Tc with image Gi. Let G" = C*(s) be a compliment 
to Gi in Tc. There exists coordinates (it, v, w) in £/ so that 

(5.45) U = {(u,v,w) : \u- 1| < e, |w| < 1, |w| < l},e > 0,5 = (1,0,0). 
And v = u> = is the subset mapped to C and Gi acts by 

(5.46) (u,v,w) — > (u,tv,tw), for |i| < 1. 

The action of G' is given by (it, i>, uj) — > (su, v, w) for \su — 1| < e. 

Case ii. Suppose 2 = for some i = 1, . . . , 2n. There exists an equivariant 
uniformizing neighborhood <fi : U —> U centered at z with group 7 C K z = T 2 . And 
one can lift the one parameter groups to pi and /5i+i/5i+i to give an isomorphism 

PiXp i+1 :C*(s) xC*(t)^f£, 

where is the complexification of T 2 . There exists coordinates (u,v,w) in U so 
that 

(5.47) U = {(u,v,w) : \u\ < l,\v\ < l,\w\ < 1}, ~z = (0, 0, 0), 

where the equations u — v — 0, u — w — 0, and v — w — are the equations 
defining the subsets mapped to Ci, C^+i, and Pi respectively. And the action of 
(s,t) E C*(s) x C*(t) is given by 

(5.48) (u,v,w) — > (stu,sv,tw), for |s| < 1, |i| < 1. 

We will call such a neighborhood [/ of a point of C an admissible neighborhood, 
and <fi : U U with group 7 an admissible uniformizing system. Let [/ be an 
admissible neighborhood. We set 

U' ~U\E. 

Denote by U' the preimage of U' in U. We will define subsets U' ab , U' 01 , and Uq X of 
Case i. For (a, b) 7^ 0, 

U'ab : ~ {( u i u i w ) £ W : av = bw}. 
Case ii. For (a, 6) with a^0, 

LVq& := {(it, v, w) £ U' : au = bvw}, 
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and 



% x := {(u,v,w) E U' : v = 0}, and := {(u,v,w) G U' :w = 0}. 

Lemma 5.28. TTie subsets defined above are connected closed submanifolds of U' 
and each consists of a single local T 2 -orbit with these being all the orbits. And the 
closure of each orbit is an analytic submanifold of U . 

This follows from the above description of the T^-action. Note that 7 preserves 
the orbits so this gives a description of the local orbits of Tj? in U. We will denote 
by U' ab , Uq 1: and Uq X the corresponding local orbits in U. 

We have the local leaf structure of the orbits in an admissible neighborhood. In 
most cases this gives the global leaf structure. 

Lemma 5.29. Let U be an admissible neighborhood. Let E, F C U' be separate 
local leaves not both being of type Uq X or U^. Then E and F are not contained in 
the same T^- orbit. 

Proof. After acting by an element of 7^ we may assume U is an admissible neigh- 
borhood as in case i. with coordinates (u, v, w) and v = w = defining Ci n U . 
Let z E E and z 1 E F both have u = 1. There is a g E with gz = z'. Let 
zq = lim t _ Pi{t)z = lim t _o Pi{t)z' . Then 

gza = g Qim p%{t)z \ = Vaapi(t)gz = lim Pi{t)z' = z Q . 

So g E Gi, and g = pi(to). If |to| < 1, then g preserves the local leaves. If \to\ > 0, 
the equation z = g~ 1 z' gives a contradiction. □ 

Lemma 5.30. For any z E U' , an admissible neighborhood, the stablizer group G z 
is the identity. 

Proof. If g E G z , then g fixes the entire T^-orbit of z. Therefore g fixes the entire 
set U' ab containing z. But the closure of U' b intersects either Ci or Cj+i. So g is 
contained in either Gi or Gj+i. But from the above description of the action on 
U', we see that g = e. □ 

Lemma 5.31. Let z be any point of P- — Pi\{zi, Zi +n }. And let U be an admissible 
neighborhood of Zi or Zi +n . Then there exists a neighborhood V of z and g E so 
that g(V) C U. 

Proof. The stablizer group of P[ is the image of the one parameter group PiPi+1^ 1 : 
C*(s) — * 7{?. Then the orbit of z by Gi for example is P[. So a suitable element 
g E Gi will work. □ 

By lemmas (|5.30|) and (|5.31|l there is a small neighborhood W of £ C Z, so that 
if we set W' := W\ E, the stablizer of every point or W 1 in is the identity. 

Our goal is to determine the structure of the divisors in the pencil P. As before 
we will consider the one parameter groups pi E N = Z x Z, where N is the lattice 
of one parameter C*-subgroups of T^. Also, we will identify the Lie algebra t of T 2 
with N (g) R and the Lie algebra tc of T 2 with N (g) C. Since L| Pa; = 0(2) a divisor 
I; eP intersects a generic twistor line P x at two points. 

Lemma 5.32. For any X t E P, we have C C X t . 
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Proof. Let x £ E>i. Suppose that z £ P' = P x \ {z + . z~} and z £ X t . Then Gi 
preserves the twistor line P x , and the orbit of z by Gi is P' x . Since Xt is T^-invariant 
P x C Xt. Therefore, we either have P x X t — {z + , z^} or P x C X t . □ 

Theorem 5.33. Let M. be a compact anti-self-dual Einstein orbifold with b2(M) = 
k andir° rb (A4) — e. Letn = k+2. Then there are distinct real points t%,t2, ■ ■ ■ ,t n £ 
P so that for t £ P \ {t\, t%, . . . , t n } 7 X t C Z is a suborbifold. And X t is a special 
symmetric toric Fano surface. The anti- canonical cycle of X t is C\, C%, . . . , Cm, 
and the corresponding stabilizers are p\ , pi , . . . , pm which define the vertices in 
N = Z x Z of A* with X t = X A * . 

For ti £ P, X ti = D + D, where D, D are irreducible degree one divisors with 
o~(D) = D. The D,D are suborbifolds of Z and are toric Fano surfaces. We have 
D n D = Pi and the elements ±(pi, ■ ■ ■ , pi, —pi + Pi+i, p n +i+i, ■ ■ ■ , P2n) define the 
augmented fans for D and D. 

Proof. Let z £ W, so the stabilizer of z is the identity. Let O be the T^-orbit of z. 
Since has only one end O \ O is connected. Since O D E ^ 0, and the stabilizer 
of every point of W is the identity, 0\OcE. 

Define elements ti £ P by ti = pi+\ — Pi,i = 1, . . . , n. Recall that the stabilizer 
of Pi is PiP^x ■ C* — + Tg. If t € P \ {t\,t2, . . . , t n }, then a vector field induced by 
t is tangent to, and non- vanishing on, Pi, i = 1, . . . , n. Since the contact structure 
D — kerO is transverse to the twistor lines, PiDX t = {z + , z~}. Let z £ Z t be in an 
admissible neighborhood of G. Then the T^-orbit O of z satisfies O \ O C C. The 
intersection of O with any admissible neighborhood is a leaf U' ab which has analytic 
closure. Let Y = O, then Y is an analytic subvariety. 

Suppose C consists of two disjoint cycles with Y n C — U"=i Then Y is a 
degree one divisor, i.e. intersecting a generic twistor line at one point. If Y = o~(Y), 
then Y nY = (JfcLi > a disjoint union of twistor lines with Xi B,i = 1, . . . , m. 
Since Y n Y is T^-invariant, we must have Y D Y = 0. Thus Y intersects each 
twistor line at one point. This is impossible. Y defines a, positively oriented, 
almost complex structure J on M. Then if c\ = C\(M.,J), c\ = 2x or b + 3r or b 
where Xorb and r or b are defined as in the proof of proposition 1|4.20J) . We have 

1 f s 2 
ZXorb + 3r or6 = — J —dp > 0. 

But a familiar Bochner argument shows the intersection form is negative definite. 
Therefore C C Y, Y is a degree two divisor, and X t = Y. From the description 
of the admissible uniformizing systems and the local leaves, we see that X t is a 
suborbifold. Since X t is the closure of an orbit isomorphic to T 2 it is a toric variety 
and has the anti-canonical cycle C and stabilizers pi defining A*. 

_i i 

The adjunction for X — X t formula gives Kjf = K.z ® [X] \x — K 2 2 \x = ^z\z- 
Thus K^ 1 > 0. Now corollary (|2.25|l implies that X is Fano and A* is a convex 
polytope. It follows that ti, . . . , t n C P form a cycle of distinct points. 

Suppose t — ti,i — 1, . . . , n. Then I f nS = C U Pi. Let z £ X t be in an 
admissible neighborhood of type i. with orbit O. Let D = O. Then D\0 C CUP;. 
And Pi C D, for otherwise we would have D — X t as in the last paragraph. For an 
admissible neighborhood U of Z{ or Zi +n O must intersect U in a leaf U' 01 or U^. 
This can be seen from lemma (|5.29f) . We must have either DnS = CU Pi or a cycle 
of the form C\, . . . , Cj, Pi, Ci +n +i, ■ ■ ■ , Cm- In the first case D — X t is irreducible. 
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Since X t is a real divisor, arguments as in |59| show that X t must be a suborbifold, 
i.e. smooth on a uniformizing neighborhood. But X t has a crossing singularity 
along Pi, a contradiction. Therefore, D D S = Ci, . . . , Cj, Pi, Cj+ n +i, . . . , C 2n , and 
_D is an analytic subvariety, and a suborbifold. Since D — O it is a toric variety. 
Since X t is real, D C X t . And D U D = X t as both are degree two. □ 

Note that if the isotropy data of M. is normalized to satisfy conditions a. and b. 
before l|5.20[l . then we have the identification 

(5.49) pi = (mi,ni), . . . , p fc+2 = (m fc+2 , n fc+2 ), p fc+3 = -(mi,ni), . . . 

■ ■ • ,P2k+4 = -{m k+2 ,n k+2 ) = (m ,no). 
Here, as above, we identify with a lattice point in N = Z x Z. 

5.5. Sasakian submanifolds. Associated to each compact toric anti-self-dual Ein- 
stein orbifold M. with Trj"" 6 (.M ) = e is the twistor space Z and a family of embcd- 
dings X t C Z where t € P \ {ii, £2, • • • , ifc+2} and A = A t is the symmetric toric 
Fano surface canonically associated to M. . We denote the family of embeddings by 

(5.50) h : X -f Z. 

Let M be the total space of the 5' 1 -Seifert bundle associated to K^ 1 or K x 2 , 
depending on whether Ind(X) = 1 or 2. 

Theorem 5.34. Let M be a compact toric anti- self- dual Einstein orbifold with 
Tr° rb (A4) = e. There exists a Sasakian structure <&} on M. So that if (X,h) 
is the Kahler structure making tt : M — > A a Riemannian submersion, then we 
have the following diagram where the horizontal maps are isometric embeddings. 

M^S 
I I 

(5-51) X ^ Z 

I 

M 

If the 3-Sasakian space S is smooth, then so is M . If M is smooth, then 
M ^ #fc(S' 2 x S 3 ), where k = 2b 2 (S) + 1. 

diff 

_l_ 1 

Proof. The adjunction formula gives Kx = K-z <8> [A]|x = (g> T£ z 2 \x = K^|x- 
Thus 

(5.52) K^SK-'lx. 

Let h be the Kahlcr-Einstein metric on Z related to the the 3-Sasakian metric g on 
iS by Riemannian submersion. So Ric h = 8h. Recall that S is the total space of the 
S' 1 -Seifert bundle associated to L, or if u; 2 (Al) = 0. Also M is the total space 

of the S^-Seifert bundle associated to either K^. 1 or K x 2 . Using the isomorphism 
in (|5.52() we lift L t to l t . Then we have 



g = n<E>7] + ir*h, 
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and r\ = |# with a connection on L or Li and where d — Ind(Z) = 2 or 4 
respectively. Then it is not difficult to see that by pulling the connection back by 
i(L = K^ 1 we can pull r\ back to ry on M. And define h = L^(h). Then 

g — fj ® fj + n*h 

is a Sasakian metric on M. 

If 5 is smooth, then locally the orbifold groups act on L (or La ) without non- 
trivial stabilizers. By (|5.52|) this holds for the bundle K^ 1 (or K x 2 ) on X. 

We have Tr° rb (X) = e from theorem lA.SI of appendix IA. 31 If M is smooth, then 
theorem (|4.13[1 and corollary l|4.17|l imply that tti(M) = e and give the diffeomor- 
phism. □ 

We are more interested in M with the Sasakian-Einstein metric that exists by 
theorem (|4.13[1 . In this case the horizontal maps are not isometries. 

The family of submanifolds(suborbifolds) l t : M — ► S for t € P\{ti,t 2 , . ■ ■ , tfe+2} 
has a simple description. Recall the 1-form 77 = rj 2 + irf of section l|5.1|l which is 
(1,0) with respect to the CR structure I = — $ . For t € t let Yt denote the killing 
vector field on Z with lift % G I(S, g). Then 6{Y t ) € O(L)) which defines a 

holomorphic function on L*. The S 1 subbundles of L and L are identified with S. 
In this way we get 0{Y t ) — T](Y t ). Complexifying gives the same equality for t E tc- 
Thus for t € P \ {h,t 2 , . . .,t k+2 }, we have M t := l t {M) = (rj(Y t )) C 5, where of 
course {r)(Y t )) denotes the submanifold(suborbifold) 7](Y t ) = 0. Note that here we 
are setting 2/3 s of the moment map to zero. 

6. Main Theorems 

In this section we present the new infinite families of Sasakian-Einstein manifolds. 
This gives us the diagram l|5.1|) . 

Theorem 6.1. Let {S,g) be a toric 3-Sasakian 7-manifold with ni(S) — e. Canon- 
ically associated to (5, g) are a special symmetric toric Fano surface X and a toric 
Sasakian-Einstein 5-manifold M which fit in the commutative diagram ^5.51)) . We 
have 7rf b (X) = e and m(M) = e. And 

M S #k(S 2 x S 3 ), where k = 2b 2 (S) + 1 

diff 

Furthermore (S, g) can be recovered from either X or M with their torus actions. 

Proof. The homotopy sequence 

• • • -» 7r x (G) -» tti(5) - < rf (Al) -» e, 

where G = ^(^(S) or S'p(l), shows that ir° rb (A4) = e. The surface X is uniquely 
determined by theorem 15.331 It follows from the exact sequence in theorem IA.8I 
involving the fundamental group of a toric 4-orbifold that 7rJ rb (A) = e. It follows 
from theorem (15.34(1 that M is smooth and the diffeomorphism holds. And an 
application of theorem l|4.13|l give the Sasakian-Einstein structure on M and shows 
it is simply connected. Given X or M with its Sasakian structure we can recover 
the orbifold M. , which has a unique toric anti-self-dual Einstein metric by theorem 
(|5.20Jl . This uniquely determines the 3-Sasakian manifold by results of sectional □ 

Theorem 6.2. For each odd k > 3 there is a countably infinite number of toric 
Sasakian-Einstein structures on #k(S 2 x S 3 ). 
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Proof. Recall from corollary l|5.18|l there are infinitely homotopically distinct smooth 
simply connected 3-Sasakian manifolds S with 62(5) = k for k > 0. From theorem 
associated to each S is a distinct Sasakian-Einstein manifold diffeomorphic to 
#m(S' 2 x S 3 ), where m = 2k + 1. □ 

Our construction only produces the homogeneous Sasakian-Einstein structure 
on S 2 x S 3 . The restriction of k to be odd is merely a limitation on the techniques 
used. In the next section there is an example of toric Sasakian-Einstein structure 
on #6(S' 2 xS 3 ). 

If a simply connected manifold has two Sasakian-Einstein structures for the same 
metric g then it is S 5 . 

Corollary 6.3. For each odd k > 3 there is a countably infinite number of cohomo- 
geneity 2 Einstein metrics on #k(S 2 x S 3 ). In particular, the identity component 
of the isometry group is T 3 . 

These metrics have the following curious property. 

Proposition 6.4. For M = #k(S 2 x S 3 ) with k > 1 odd, let gi be the sequence of 
Einstein metrics in the theorem normalized so that Vol 9 . (M) = 1 . Then we have 
Ric 9i = \gi with the Einstein constants Xi — > as i — > 00. 

Proof. From proposition 14.141 we have 

Vol(M, 5 ) = d(|) 3 Vol(E_ fc ), 

for the volume of a Sasakian-Einstein manifold with toric leaf space X the anti- 
canonical polytope S_fe. We have d = 1 or 2. The above Sasakian-Einstein man- 
ifolds have leaf spaces JQ, where X^ = X&*. Observe that the polygons A* get 
arbitrarily large, and the anti-canonical polytopes satisfy 

Vol((£_ fe )i) -» 0, as i -> 00. 

□ 

This implies the following. 

Theorem 6.5. The moduli space of Einstein structures on each of the manifolds 
#fc(S* 2 x S 3 ) for k > 1 odd has infinitely many connected components. 

The case k = 1 is covered by homogeneous examples by M. Wang and W. 
Ziller 12)1 • 

There are a couple of consequence of these examples following from some finite- 
ness results. There is a result of M. Gromov 31 that says that a manifold which 
admits a metric of nonnegative sectional curvature satisfies a bound on the total 
Betti number depending only on the dimension. Further, he proved that if the 
diameter is bounded, then as the total Betti number goes to infinity the infimum 
of the sectional curvatures goes to —00. For any k < there exists kg so that, for 
k > ko, #fc(S' 2 x S 3 ) does not admit a metric with sectional curvature K > k. We 
have the following. 

Theorem 6.6. For any n < there are infinitely many simply connected Einstein 
5-manifolds which do not admit metrics with sectional K > k. 
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One can also consider these examples in relation to a compactness result of 
M. Anderson He showed that the space of Riemannian n-manifolds (M,g), 
^#(A, c, d) with Ric B = Xg, inj(g) > c > 0, and diam < d is compact in the C°° 
topology. For fixed k > 1 odd in theorem (|6.2() the Sasakian-Einstein metrics <7i on 
M = f^k(S 2 x S* 3 ) have A = 4. We have Vol g; (M) — > as i — > oo, so no subsequence 
converges. We have the following. 

Theorem 6.7. for t/ie the sequence of Einstein manifolds (M,gi) we have inj (<7i) — > 
as i — ► oo . Also, take any sequence ki > 1 of odd integers and examples from 
theorem fff.lij) (#ki(S 2 x S 3 ) 7 gi), then we have inj(^) — * as i — > oo. 

Examples of Einstein 7-manifolds with properties as in theorem H6.6|) and in the 
second statement of theorem (16.711 have been given in ^Hj- These are the toric 
3-Sasakian 7-manifolds Sn considered here. 

7. Examples 

We consider some of the examples obtained starting with the simplest. In partic- 
ular we can determine some of the spaces in diagram (|5.1|l associated to a smooth 
toric 3-Sasakian 7-manifold more explicitly in some cases. 

7.1. Smooth examples. It is well known that there exists only two complete ex- 
amples of positive scalar curvature anti-self-dual Einstein manifolds 02] |26| . S 4 
and CP 2 with the round and Fubini-Study metrics respectively. Note that we are 
considering CP 2 with the opposite of the usual orientation. 

M = S 4 

Considering the spaces in diagram (|5.1|l we have: M. — S 4 with the round metric; 
its twistor space Z — CP 3 with the Fubini-study metric; the quadratic divisor 
Ic2is CP 1 x CP 1 with the homogeneous Kahler-Einstein metric; M — S 2 x S 3 
with the homogeneous Sasakian-Einstein structure; and S — S 7 has the round 
metric. In this case diagram l|5.1|l becomes the following. 

S 2 xS 3 — S 7 

I I 
( 7J ) CP 1 x CP 1 — CP 3 



This is the only example, I am aware of, for which the horizontal maps are iso- 
metric immersions when the toric surface and Sasakian space are equipped with 
the Einstein metrics. 

M = CP 2 

In this case M. = CP 2 with the Fubini-Study metric; its twistor space is Z = 
Pi. 2 , the manifold of flags V C W C C 3 with dimV = 1 and dimW = 2, with the 
homogeneous Kahler-Einstein metric. The projection it : i*i,2 — > CP 2 is as follows. 
If (p, I) £ Pi_2 so I is a line in CP 2 and p € I, then ir(p, I) — p 4 - n Z, where p 4 - is the 
orthogonal compliment with respect to the standard hermitian inner product. We 
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can define Pi, 2 C CP 2 x (CP 2 )* by 

F h2 = {(bo : Pi ■■ Pa], [5° : 9 1 : <Z 2 ]) G CP 2 x (CP 2 )* : = 0}- 

And the complex contact structure is given by 9 = q l dpi — pidq 1 . Fix the action of 
T 2 on CP 2 by 

{e ie ,e^)[z :z 1 :z 2 ] = [z :e ie z 1 :e^z 2 ]. 
Then this induces the action on Pi :2 

(e'V^Xbo : Pi : Pa], [<7° : : <?]) = ([Po : e W Pl : e^ 2 ], [g° : e'V : e -*V]). 

Given [a, b] € CP 1 the one parameter group (e iaT ,e lbT ) induces the holomorphic 
vector field W T G T(T 1 '°Fi^ 2 ) and the quadratic divisor X T = (9{W T )) given by 

X T = {a Pl q l + bp 2 q 2 = 0, ptf = 0). 

One can check directly that X T is smooth for r € CP 1 \{[1, 0], [0, 1], [1, 1]} and X T = 
CP ( 2 3) , the equivariant blow-up of CP 2 at 3 points. For r G {[1, 0], [0, 1], [1, 1]}, 
A T = £> r + D T where both D T , D T are isomorphic to the Hirzebruch surface Pi = 
V(O cp i ©Ocpi(l)) 

The Sasakian-Einstein space is M = #3(5 2 x 5 3 ). And we have 5 — 5(1, 1, 1) = 
SU(3)/U(1) with the homogeneous 3-Sasakian structure. This case has the follow- 
ing diagram. 

#3(5 2 x 5 3 )^5P(3)/P(1) 

i I 
(7-2) CP 2 } — F 1>2 

I 

CP 2 

7.2. Galicki-Lawson quotients. The simplest examples of quaternionic-Kahler 
quotients are the Galicki-Lawson examples first appearing in |29| and further con- 
sidered in ^2]. These are circle quotients of HP 2 . In this case the weight matrices 
are of the form 17 = p = (pi,P2,P3) with the admissible set 

{Ai, 3 (Z) = {p G l?\ Vl £ for i = 1, 2, 3 and gcdfa.p^) = 1 for i + j} 

We may take pi > for i = 1, 2, 3. The zero locus of the 3-Sasakian moment map 
iV(p) C 5 11 is diffeomorphic to the Stiefcl manifold V 2 C 3 of complex 2-frames in C 3 
which can be identified as V 2 C 3 P(3)/P(l) 517(3).' Let f p : U{1) -> P(3) be 



/ P (r) = 



T P1 






















T P3 



Then the 3-Sasakian space 5(p) is diffeomorphic to the quotient of 5P (3) by the 
action of £7(1) 

t-W = / p (t)W7 ( o,o,_ Pi _ P2 _ P3 )(t) where r e U(l) and W G 5P(3). 

Thus 5(p) = SU(3)/U(1) is a biquotient similar to the examples considered by 
Eschenburg in |25) . 
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Figure 4. infinite Fano orbifold structures on CP, 2 , 



The action of the group SU(2) generated by {£\£ 2 ,£ 3 } on N{p) ^ 5C/(3) 
commutes with the action of U(l). We have N{p)/SU(2) ^ SU{3)/SU(2) = 5 5 
with U(l) acting by 

r ' v = f(- P 2-P3,-pi-P3,-pi- P 2) v for « e 5 5 c C 3 . 

We see that Mq = CP^ 1 02 03 where a% = p 2 + Pz,a 2 = Pi +p 3 ,a a = pi + p 2 
and the quotient metric is anti-self-dual with the reverse of usual orientation. If 
Pi,P2,P3 ar e all odd then the generic leaf of the 3-Sasakian foliation F 3 is 50(3). 
If exactly one is even, then the generic leaf is Sp(l). Denote by X pi paiP3 the toric 
Fano divisor, which can be considered as a generalization of CP^. We have the 
following spaces and embeddings. 



#3(5 2 x 5 3 )^ S( Pl ,p 2 ,p 3 ) 

I I 
( 7 - 3 ) X PiJ*,pa—* Z(p 1 ,p 2 ,p 3 ) 

I 

CP 2 

^ J Ql, 02,(13 

A simple series of examples can be obtained by taking p = (2q — 1, 1, 1) for any 
q > 1. Then the anti-self-dual Einstein space is M. = CP 2 g which is homeomor- 
phic to CP 2 , but its metric is ramified along a CP 1 to order q. For the toric divisor 
X C Z we have X = CP^ with the metric ramified along two CP l! s to order q. 
We get an sequence of distinct Sasakian-Einstein structures on M = #3(5 2 x 5 3 ). 

It is possible to construct new examples of toric Sasakian-Einstein manifolds M 
with b 2 even. The surface in figure (|2.3|) is a "generalized blow-up" of CP 2 at 6 
points. One can check that the total space of K^ 1 minus the zero section is smooth. 
Thus we obtain a toric Sasakian-Einstein structure on M = #6(5 2 x 5 3 ). 
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Appendix A Orbifolds 



A.l. definitions. The notion of an orbifold, also called a V-manifold, was devel- 
oped by I. Satake in 1956. Subsequently he and W.L. Baily developed the theory 
of real and complex orbifolds generalizing familiar results for manifolds. For ex- 
ample, we make use of the Gause-Bonnet theorem for V-manfolds and Baily's 
cxtcntion of the Kodiara embedding theorem to V-manifolds. Many familiar re- 
sults for manifolds can be proved almost verbatim for V-manifolds. This is true 
for de Rham's theorem, the Hodge decomposition theorem, and Kodaira-Nakano 
vanishing as proved in 

Definition A.l. A smooth(holomorphic) orbifold is a second countable Hausdorff 
space X together with an open covering {Ui\i^A satisfying: 

i- {Ui}i£A is an open cover of X such that if x G Ui D Uj there is a k G A so 
that x G U k C Ui n Uj . 

ii. For each i G A there is a triple {Ui, Ti, cj)i\ where Ui is a connected open subset 
ofW 1 (C n ) containing the origin, Ti is a finite group of diffeomorphisms (biholomor- 
phisms) acting effectively and properly on Ui, and <pi : Ui — > Ui is continuous with 
0jO7 = <pi, for each 7 g Ti, and the induced map U/Ti — > Ui is a homeomorphism. 

Hi. If Ui C Uj, there is a diffeomorphism(biholomorphism) gji : U — > Uj onto 
an open subset such that (f>i — cf>j o gji . This implies that for any 7, € Ti there is a 
unique jj € Tj so that jj o = gji o 7^ 

One can always take the uniformizing groups I\ C SO(n) acting linearly in the 
smooth case. In the complex case one can take holomorphic uniformizing systems 
so that Ti C GL(n,C) (see [TT]). For x G X let x € cf)~ 1 (x) for any uniformizing 
neighborhood system {U, T, <p} containing x. Then, up to conjugation, the isotropy 
group of x, only depends on x. We denote this group T x . The open dense subset 
of X of points x with = {e} are the regular points. The points with nontrivial 
isotopy groups are the orbifold singular points. The set of orbifold singular points 
is denoted Sx ■ The least common multiple of the orders of all the T x ,x G X is the 
order of the orbifold X and is denoted Ord(X). 

We make much use of the orbifold analogue of a fiber bundle. 

Definition A. 2. A V-bundle E over X consists of a bundle Bq over each Ui for 
each local uniformizing system {Ui,Ti, fa} with group G and fiber F together with 
a finite group T* and a homomorphism hjj. : T* — > Aut(-B^ ) satisfying: 

i. The group homomorphism 7r* : T* — > Ti induced by n : Bq, — > U is surjective. 

ii. If gji : U — > Uj is a diffeomorphism onto an open subset, there is a bundle 
homomorphism g*i : Bq — > ^v\g-.[fl i )] such that if 7* G V* there is a unique 
7* G T* so that hjj.i'jj) o g*. = g* } o hjj.(j*). And if g kj : Uj -> U k is another 
diffeomorphism, then (g kj o g Jt )* = g* kj o g*^. 

If F is a vector space with the group G acting linearly and each Im(/ijj ) consisting 
of vector bundle automorphisms, then E is a vector V-bundle. Similarly, if F is a 
Lie group and each Im(/i^ ) consists of principle bundle automorphism, then E is 
a principle V-bundle. 

We have the notion of a holomorphic V-bundle by making the obvious changes to 
the definition. The total space of E is an orbifold. In most cases the homomorphism 
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7T* in i. will be injective and T* — Fi for every i £ A, then E is a proper V-bundle. 
If E is proper then for each x G X there is a homomorphism h x : T x — > Aut(_F). If 
h x is trivial for all x G X, then is an absolute V-bundle which is a fiber in the 
usual sense. 

An important case is that of holomorphic line V-bundles. 

Definition A. 3. Let X be a complex orbifold. Then Pic orb (X) is the abelian group 
of equivalence classes of proper holomorphic line V-bundles on X. 

The usual Picard group Pic(A) is a subgroup, and the inclusion Pic(A) 
Pic orb (A) induces an isomorphism 

(A.l) Pic(X)(g)(Q^Pic orb (A)®Q. 

A. 2. classifying space and invariants. In this section we give a review of A. 
Haefliger's construction of the classifying space of an orbifold. For more details 
see This will be used to define invariants including characteristic classes of V- 
bundles. Let M be an n dimensional orbifold with uniformizing system {Ui, T^, </>j}. 
Suppose M is given any Riemannian metric. Let Ljj, be the bundle of orthogonal 
frames on Oj. The Lq glue together to form the priciple V-bundle Lm of orthogonal 
frames on M. Consider the Stiefcl manifold V n . n +k = 0(n + k)/0(k) of orthogonal 
n- frames in R n+fe . V n . n +k has an action of 0{n) and is k- universal as a principal 
0(ro)-bundle. The sequence • • • C V n>n +k C V n>n ^+l C • • ■ gives rise to the 
direct limit EO(n), which is a universal 0(n)-bundle EO(n) — > BO(n). Define 
BM = Lm Xo(n) EO(n). Then there is a natural projection p : BM — > M whose 
generic fiber is the contractible space EO(n). Then the orbifold (co)homology and 
homotopy groups are 

(A.2) H l orb {M,Z) = H'(BM,Z), H° rb (M,Z) = Hi(BM,Z), Tr° rb (M) = m(BM). 

An application of the Leray spectral sequence to the map p : BM — > M gives 
the following. 

Proposition A. 4 ( |36| ) . The map p : BM — > M induces an isomorphism 
H l orb (M,A) = H l (M,A) for A = Q,R,C, or Z p where p is relatively prime to 
Ord(M). 

We will make use of the following generalization of the long exact homotopy 
sequence. Let G be a compact group acting locally freely on an orbifold N with 
quotient M. Then G acts on B N with quotient BN/ G can be seen to be a classifying 
space for M. So we have 

(A.3) ► tt 4 (G) -» < rb (^) -» n° rh (M) — > 7r<_i(G) —>•••. 

The classifying space BM of M gives a convenient description of V-bundles on 
M. See H3J. 

Proposition A. 5. There is a one-to-one correspondence between isomorphism 
classes of proper V-bundles on M with group G and generic fiber F and isomor- 
phism classes of bundles on BM with group G and generic fiber F. 

There are two ways of defining characteristic classes of a V-bundle E. First, one 
takes the usual characteristic classes of the corresponding bundle on BM giving an 
element in H* rb (M, A) for A = Z, Z2, or ML Second, when using real coeficients 
it is more convenient to use Chern-Weil theory giving an element of de Rham 
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cohomology H*(M,M). Both definitions are equivalent as we will explain. Let G 
be a compact group, the structure group of E, S(q*) the invariant polynomials on 
the Lie algebra g, and BG the classifying space of G-bundles. Then we have the 
commutative diagram: 



S{q*) H*(M,R) 




H*(BG,R) *H*(BM,R) 

The top map is the Chern-Weil homomorphism taking / 6 S(g*) to [/(0)], where 
is any connection on E. The left vertical map is an isomorphism, the universal 
Chern-Weil map. The bottom map is induced by the classifying map of E, and the 
right vertical map is the isomorphism in proposition (|A.4|I . 

A. 3. torus actions. We summarize the description of compact orbifolds with a 
torus action due to A. Haefliger and E. Salem [37]. Let M be a smooth compact 
oriented n dimensional orbifold with a smooth effective action of an m dimensional 
torus G — T rn — g/A, m < n. Let {U, 7, <f>}, <fi : U —> U be a uniformizing system 
with 7 centered at x € U, and let H < G be the stabilizer of x. Let U be a 
G-invariant tubular neighborhood of G ■ x. Let T = w° rb (U). Since tt2(U) = e, 
the universal orbifold cover n : U — ► U is smooth Let G be the group of 

diffeomorphisms of U projecting to the group of diffeomorphism G of U. So T < G, 
normal subgroup, and G/T = G. Let H be the stabilizer of a point x E tt^ 1 (x). We 
will apply the differentiable slice theorem. There exists a ball B C R"~ m + fc and a 
representation H — * SO(n — rn + k). The tubular neighborhood U can be chosen 
so that there is a G-equivariant diffeomorphism 

U^(Gx^B)/T. 

Furthermore, r n H = 7, and (G x # B)/T = (G/T) x &h (B/j) = Gx H (B/7). 

Since G/H is the universal cover of G/H, we have G/Go = H / Hq — D, a 
finite group, where Go = q/Aq and Hq = f)/Ao are the identity components. Here 
Ao C A is a sublattice. We have the following classification of G-invariant tubular 
neighborhoods. 

Proposition A.6 (|37J). Let G = g/A be an m-torus acting effectively on an 
oriented n-orbifold X. And let G ■ x be an orbit with k- dimensional stabilizer H. 
Then we have 

i. a rank k sublattice Aq C A, 

ii. a finite group D and a central extension 

-> A/A — ► r — ► D — ► 1, 

iii. and a faithful representation H — ► SO(n — m + k), where H is the maximal 
compact subgroup of G = F Xa/a s/^o- 

^4 G-invariant tubular neighborhood U of G ■ x is G-equivariantly diffeomorphic to 
(G x B)/T. This data classifies such a tubular neighborhood up to equivariant 
diffeomorphism. 
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Suppose k = n — m or k — n — m — 1, then Hq is a maximal torus in SO{2k) or 
SO(2k + 1). Also, H = Hq, since H is in the centralizer of Hq. Thus L = A/A and 
D = 1, and the tubular neighborhood t/ is determined by Ao C A with H — t)/Ao. 
The tubular neighborhoods are as follows: 

a. k — n — to, U/G is homeomorphic to [0, l) n ~ m , Ao = ©"J]" 1 Aj, where the 
Aj are rank one linearly independent sublattices of A and Aj ® R/Aj is the 
stabilizer of orbits over the i th face of U/G. 

b. k = n — m — 1, Z7/G is homeomorphic to [0, i)""™^ 1 x (—1, 1), and Ao = 

©ILT" 1 ^. 

We now pass from the local classification to the global. Let W — X/G. 

Proposition A. 7 ( 37 ). Let W = [L Wj fea union of open sets, and let {(Xf, Wi, iri)} 
be a set of G-orbifolds with orbit maps 7Tj : Xi — > Wi. Then there is a G-orbifold 
X with orbit map it : X — > W and with ir~ 1 (Wi) G-equivariantly diffeomorphic to 
Xi if and only if a Cech cohomology class in H 3 (W, A) associated to {(Xi, Wi, m)} 
vanishes. When this is the case, the set of such G-orbifolds one to one with elements 
ofHl b (W,A). 

Consider the cohomogeneity two case, n — m — 2 and dimM^ = 2. Let Xq be 
the open dense subset of m-dimensional orbits. Then Wo = Xq/G is a 2-orbifold. 
The only other possible orbits are of dimensions m — 1 and m — 2. That is, with 
stabilizers of dimensions fc = n — m — 1 and k = n — to, respectively cases b) and 
a) above. 

Theorem A. 8 f|37|L Let X be a compact connected oriented n-orbifold with a 
smooth effective action of an m = [n — 2)-torus G = g/A. 

i. Then W = X/G is a compact connected oriented 2-orbifold with edges and 
corners with each edge labeled with a A,, where A, is a rank 1 sublattice of A such 
that the two sublattices at a corner are linearly independent. 

ii. For any data as in i. there is a G-orbifold. And if H^ rb (W, A) = 0. then X is 
unique up to G-equivariant diffeomorphism. 

Hi. We have the exact sequence 

7r° 2 rb (W ) - A/ Sj A, - < rb (A) - <Wo) - e. 

Thus ir° rb (X) — e if and only if Wo is a smooth disk and Aj = A, or Wo — W is 
a simply connected orbifold two sphere and we have ir° rb (W) = Z and Tr° rb (W) — > A 
is an isomorphism, to = 1 . 
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